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Yamamoto & Iwamura (1976) and Rudraiah, et al. (i980) showed that

AN

the Brinkman model is valid up to magnitude of x,/d*>=10"or 10°, where
x, is the permeability of porous medium.

A numerical study of buoyancy-driven two-dimensional convection in a
fluid saturated horizontal porous layer confined between two impermeable
walls and heated isothermally from below has been studied by Georgiadis &
Cétton (1986). Kladias & Prasad (1990) studied numerically
thermoconductive instabilities in horizontal porous layers heated from below
using the Brinkman-Forchheimer-Darcy model. They showed that there are
four flow regimes in the case of free convection: conduction, stable
convection, periodic oscillatory and randomly oscillatory convection. Jan
(2000) used Brinkman model to investigate the convective instability of a
horizontal porous layer permeated by a conducting magnetic field. This
problem has been extended by Abdullah (2000) for a non-linear magnetic
fluid.

The effect of the earth’s magnetic field on the stability of a layer of porous
medium is of interest in geophysics particularly in the study of the earth’s
core where the earth’s mantle, which consists of conducting fluid, behaves
like a poréus medium which can become convecfively unstable as a result of
diffusion. Another application of the results of flow through a porous medium
in the presence of a magnetic field lies in the study of the stability of a

convective flow in the geothermal region.

7



This thesis studies convective instability in a horizontal porous layer
permeated by an incompressible, thermally and electrically conducting fluid
using Brinkman model in the presence of a uniform vertical magpetic field
and a uniform vertical rotation for both stationary and overstability cases. The
problem is investigated for the cases of linear and non-linear relation between
the magnetic field and the magnetic induction in chapter three and chapter
four respectively. It is an extension work of Jan (2000) and Abdullah (2000)
for the linear and non-linear cases respectively. Analytical solutions were
discussed when both boundaries are free and numerical results were obtained
for the cases of free and rigid boundaries.

The numerical computations were performed using expansions of
Chebyshev polynomials. This method was first introduced by Lanczos (1938)
and Clenshaw (1957) and has been developed and extensively applied to
ordinary differential equations by Fox (1962), Fox & Parker (1968), Orszag
(1971, 1971), Orszag & Kells (1980), Davis, et al (1988, 1988) and others.
Nasr, et al (1989) used El-gendi method to obtain numerical solutions for the
Falkner-Skan equation. Hassanien, et al. (1996) used Chebyshev polynomials
to obtain numerical solutions of the boundary layer flow of a micropolar fluid
in the vicinity of an axisymmetric stagnation point on a circular cylinder.
Hassanien, et al. (1998,1998) used expansion of Chebyshev polynomials to

obtain numerical solutions for some problems of heat transfer. The



. Chebyshev method for boundary value problem will be described in detail in

chapter two.



Chapter Two

Chebyshev approximation for boundary value problems

Previous works have shown that expansions in Chebyshev polynomials
are better suited to the solutions of hydrodynamic stability problems than
expansions in other sets of orthogonal functions. Results of high accuracy are
obtained when using Chebyshev approximation to compute solutions of
boundary value problems.

In this chapter we shall present the simple definition of Chebyshev
polynomials and obtain some of their properties.
Definition:

The nth degree Chebyshev polynomial of the first kind is denoted by

T (x) and is defined in the interval [-1,1] by
T (cos@) =cosné. n>1, 0<0<rx (2.1)
From the trigonometric identity

cos(n+1)8 +cos(n—1)8 =2cosfcosnd

we obtain the relation
T,(x)=2T,(x)-T,(x)  n2l 22)

where x =cos@. Clearly, from the definition of 7, (x), we have

T,(x)|<1. _1<x<l (2.3)

10



In terms of the variable x, we may write (2.1) as
T (x) = cos(ncos™ (x)) (2.4)
From which we can show that

nsin(ncos™ (x))
V1-x?

nsinnd

T(x)=

(2.5)

sinf
where T'(x) is a polynomial of degree(n-1). By evaluating the expression

(2.5) at x = £1, it can be shown that

TW=r" , T(-D=(D"r (2.6)
and from (2.4)
TO=1 , T(-D=(-1). 2.7)

The Chebyshev polynomials are orthogonal over [-1,1] with respect to the

weight function (1 - x’ )_% . To see that consider the trigonometric integral

_[cosn@cosm@d@ =C,0,,. (2.8)
0

where C,=n, C,=xn/2, n#0 and &, is the kronecker delta defined by

1 if m=n,
O = .
0 if m=#n.

With the usual change of variable, x = cosé, equation (2.8) becomes

(1.()T, (x)

3 Al=x°

dx=CJ . (2.9)

11



Let y(x) be an infinite differentiable function, then its Chebyshev

expansion in [-1, 1] has the form
n=0

y(x)=Ya,,T,(x). (2.10)

From the orthogonality property of Chebyshev polynomial and equation

(2.10), we obtain

1 1
y(x)T,,(x) 2 T,(x)T,(x)
T =S a ZnNT /T m T
_'1[ N1-x? ; "H_'][ V1—x?
= Z an+lCm5mn
=0
= iamncm ¢
n=0
Thus

1
a,. =-é~jy(x)Tm(x)(1—x2)“l/2dx. mz0
m -1

The Chebyshev expansion of the derivative % can be written in the form

T'(x) (2.11)

dy &

— a
dx Z;) n+l
where T'(x) is a polynomial of degree (n—1). Now we write T/(x) as an

expansion of Chebyshev polynomials [see Abdullah & Lindsay (1991)]

Pe. T'(x)=3YB,, . T.(x) n>0 (2.12)

s=0

where B =0 if s>n since T'(x) is of degree (n—1).

s+l n+t T

12



From equation (2.12)

L) 55 RAGUICA

'[ J1=x? 3 Al=x7

-1

Using (2.9) we obtain

’J T,,’(x)T,(x) Z B o, Jj>0,
i ’l—xz s,o s+1, n+l 25SJ j=0 .
Hence
21 T'(x)T.(x)
B. =— |-l dx >1,
J+t,n+l P Jl. ]—\!,1(—_? ]
x
2 dx. i =0.
B, .. s Im J
From (2.5) we obtain
2 %nsin(n@)cos(j6)
Bj+1,n+1 = I . ] de
T sin @
___n_|:’].sin(n+j)6? ’]. m(n ])0 }
Tl o Sin0 0
= n[]m + In—j]
and
B, =L J-r151n(r10) 4o
sin @
=nl,,
where
1 ~sinn@ 0
T s sin@

13



Now since
7 = 0 if  niseven,
» 11 if »n isodd.
then

0 if r+k iseven,
P {(k ~-1)(2-6,) if r+k isodd. (2.13)

From (2.11) and (2.12) we have

&S

= Z Z Bj+1,n+1an+1Tj (x)

n=0 j=0

and

dy o,
dx%) = ZZBJH,nHanH]}(x)‘

n=0 j=0

The matrix Bis called the derivative matrix.

Application:

To illustrate the method of solving differential equations using
expansions of Chebyshev polynomials, let us consider the problem of
determining the eigenvalues o of the Benard problem under the influence of

both magnetic field and rotation. The relative equations of this problem are:

o& =LE+DJ+~T Dw,

o P.J =LJ +0D¢,

o Lw =w—a’R 0+ L(Db)-~T D¢, (2.14)
o P.b=Lb+QDw,

o PO=LO+~/Rw.

14



where P, P. are the magnetic and viscous Prandtle numbers, a is the wave

number, R is the Rayleigh number, Q is the Chandrasekhar number, T is the

Taylor number, L=D’-a*, D _0 and w, b, 0, Jand & are the third

0z
components of velocity, magnetic field, temperature, current density and
vortisity. To obtain accurate results and exclude any numerical divergence it
is convenient to reduce the order of higher order terms, so let us reduce the

order of the terms 'w and L(Db) in

equation (2.14),. If we assume that ¢=Lw and use equation (2.14),to

substitute for L(Db), then equation (2.14),becomes

o (p—P.Db)=L¢ —a*R 6 —-OD*w—~T DE (2.15)
and the relative equations (2.14) become

o& =LE+DJ+T Dw,

o PJ=LJ+0D¢,

o (¢ —P.Db)=Lp—a*R 6 —QD*w—T DE,
o Pb=Lb+0Dw,

o PO =LO+R w,

ox0 =Lw—¢.

(2.16)

The system of equations (2.16) can be solved using free or rigid boundaries.

For free boundaries the conditions are
w=0, =0, ¢=0, J=0, Db=0 and D=0, 0<z<l (2.17)
and for rigid boundaries the conditions are

w=0, =0, Dw=0, J=0, b=0 and £=0. 0<z<1 (2.18)

15



At this stage we express all the variables of the problem in terms of

Chebyshev polynomials in the following way:
(W’ H’ ¢’ b’ é) ‘]) = Z (an+l 2 bn+l 2 cn+1 2 dn+l 2 en+l 2 f;|+1 ) T;: (Z) (2' ]‘ 9)
n=0

Since the Chebyshev polynomials are defined in the interval [-1,1] and our
problem is defined in the interval [0,1], then we may introduce the variable x
such that
x=2z-1.
Thus
D( )= 2%(—) =2B,

D*( ):4%2—)=4B2,

1) =220~ 44024 £O-(2] ) |-,

where  V( )—

( ) () and B is the derivative matrix defined in

(2.13). Apply (2.19) into the governing equations (2.16) and the boundary

conditions (2.17) and (2.18) then the governing equations become

oe +2BNT a,,

n+1

=4Ve,  +2Bf

n+l

o me = 4Vf;l+l + 2BQen+l
o (cn+1 - 2Pden+l) = 4Vcn+l - a2 '\/E bn+l - 4QBzan+1 - ZBﬁ €,

(2.20)
ocPd  =4Vd, +2BQa,,

oPb., =4Vb +Ra,

ox0 =4Va  -—c,,,

16



the free boundary conditions become

ZO an+1]-;: (x) =

ibnﬂz-; (x)=

n=0

Zdrnl]—;:'(x) =Zoen+17:r’(x) = Zof;HlT:l (x) = 0’
n=0 n= n=

and the rigid boundary conditions become

S, (x) = 38, T,(0)=3a,,T/(x)=0

n=0

n=0

n=0

ZdnHT;:(x) :ZenHT:r(x) = Zof;nlz—:r'(x) = 0'
n=0 n=0 n=

Equations (2.20) can be written in the form

CEX=AX
where
7 0 0 0 0 O]
0 PI 0 O 0 0
. 0 0 I -2PB 0 0
1o o o PI 0 0|’
0 0 0 0 PI O
0 0 0 0 0 0]
[ 4y 2B 0 0 0
2B0 4V 0 0 0
4_|72BT 0 4y 0 -dRI
0 0 0 4V 0
0 0 0 0 v
0 0 -1 0 0
a'nd K = [en+l -fn+l n+l dn+1 bn+1 an+1 ]T

17

icrnl]-;: (x) = 0’
n=0

2BT |

~40B’
2BQ
JR I
4y

2.21)

(2.22)

(2.23)



Using (2.6) and (2.7), the free boundary conditions (2.21) become

el o]

io(il)n an+1 = O’ Z(il)" bn+1 = 0’ Z(-_}-l)" cn+l = 0’

n=0 n=0

- ) ) (2.24)
Yl (x)7'd, =0, Y r*(x)e, =0, > (x1)"f,,, =0.
n=0 n=0 n=0
and the rigid boundary conditions (2.22) become
i(—}_—l)" an+l = O’ i(il)" bn+1 = O’ inz(il)n—lanﬂ = O’
n:O n=0 =0 (2.25)

S1d, =0, SEIYe, =0, Sni(xl)"f, =0.
n=0

n=0 n=0

Notice that each element of the matrix 4 and E represents a square
matrix. The order of this matrix depends on the number of Chebyshev
polynomials used for the required accuracy. In general the boundary
conditions (2.24) or (2.25) should be inserted in the first and second rows of
each diagonal element of the matrix A. The corresponding rows in the other
elements of 4 and E must be set to zero.

Each diagonal element of 4 and E corresponds to a variable element in
X, so in this problem we can see from equations (2.20) that the first diagonal
element corresponds to &, the second corresponds to J, the third
corresponds to ¢, the fourth corresponds to b, the fifth corresponds to &
and the sixth corresponds to w. Thus the first row of each diagonal element
of 4 contains the condition of the corresponding variable at x =1 whereas

the second row contains the condition of that variable at x =—1.

18



If the boundary conditions in (2.24) or (2.25) are of the form

o

> (£1)"e,, =0, then the first row of the corresponding matrix is of the

n=0

form (1,1,1,......... ) and the second row is of the form (1,-1,1,—1,.....).

~ However if the boundary conditions in (2.24) or (2.25) are of the form
inz(il)"an“ =0, then the first row is of the form (0, 1, 4, 9, 16, ...) and
n=0

the second row is of the form (0,-1,4,-9,16,...)

In the case of rigid boundaries, the condition ¢ =0 is replaced by
Dw =0, so we remove the condition ¢ =0 which is written in the diagonal
element of the third row of the matrix 4 and insert the condition Dw =0 in
the same row but in the column corresponds to the variable w, i.e. the sixth
column in this problem.

In practice we cannot use infinite series of Chebyshev polynomials and
we have to rely on a finite approximation of suitable accuracy, so we look

for an approximation of the form
N
Y(x)=2 a,.T,(x)
n=0

where N is the number of Chebyshev polynomials required.
In the theory of convection, it is customary to introduce time

dependence through exp(o¢) and instability occurs if any eigenvalue o has

a positive real part. The most competitive or “ least stable “ eigenvalue has

19



the algebraically largest real part. At this stage the eigenvalue problem (2.23)
can be solved using a numerical routine FO2BJF which is part of a
mathematical library called numerical algorithm group (NAG). The Fortran

code for this example is listed in Appendix (I).

The golden section search:

To obtain the critical Rayleigh number, R, in equations (2.14) we need
to minimize R over the wave number, a, using a minimization method.
The method we shall use is called the golden section search. It is an iterative
method and it deals with a unimodel function, i.e. a function which has only
a single local minimum.

The method depends on a ratio » known to the early Greeks as the

golden section ratio and is given by

where > =1—r. Suppose that F(x) has a single minimum in the interval
[a,b]. In each step we need to replace this interval by a smaller one that is
also contains the minimum point. In fact in each step we need to specify two

values of F at two particular points in [a,b]. ie.

x=a+r’(b-a),
y=a+r(b-a).

20



There are two cases to consider:

Case 1
F(x)2F(y).
Here the minimum of F must be in the interval [x, b] and so in the next

step we need to evaluate F at x', y* where

x =x+r'(b-x),

y =x+r(b-x).
Now
x =a+r2(b—a)+r2[b—a—r2(b—a)]
=a+(b—a)[2r2 —r“]
but
2rf —r*=1-(1-r*)
=1-7
:r,
and so
x =a+r(b-a)
:y.
Thus F(x")=F(y).
Case 2

Here the minimum of F is in the interval [a, y] and so in the next step

we need to evaluate F at x*, y* where

x =a+r(y-a),
y =a+r(y—a).

21



Now

y =a+rla+r(b-a)-al
—a+r’(b-a)

= X.
Thus F(y")=F(x).
In both cases the values of F' at one of the new points is already known, In
particular, we may verify that
y—a=b-x=r(b-a),
so that after N iterations of the method, the interval [a,5] is reduced to one

of length r"(b—a) and so if & is the required accuracy then we need

to choose N such that

i.e. r<

22



Chapter Three

Benard convection in a horizontal porous layer permeated by a
conducting fluid in the presence of both magnetic field and
Coriolis forces (linear magnetic fluid)

3.1 Mathematical formulation
Consider an infinite horizontal layer

occupied by a porous medium permeated by an

incompressible, thermally and electrically

conducting viscous fluid of density p. The fluid

is subject to constant gravitational acceleration

Porous

in the negative x, direction. A uniform constant material

Figurel: Thermal convection of an infinite
horizontal layer heated uniformly

magnetic field is imposed across the layer in the from below.
positive x, direction and x, and x, axes are
selected from a right-handed system of Cartesian
coordinates. The fluid is in rotation about the x,
axes with a constant angular velocity £2(see
figure 1).
In order to fully describe the nature of this model we need to discuss the
interaction between electromagnetic and mechanical effects and so we define

B,H,E and J to be respectively the magnetic induction, the magnetic field,

23



the electric field and the current density. The magnetic variables are required

to satisfy the Maxwell equations

divB = B, ,=0,

curl H= e, H, =J, (3.1.1)
0B,

curl E =ey.kEk,j=———é—;—,

where the displacement current has been neglected as is customary in this type
of problems and where the current density J is given by

nJ,=E, +e,0,B,, (3.1.2)

where 7 is the resistivity (assumed constant) and v is the fluid velocity. The

relation between Band H has form

B=uH..

H {

On taking the curl of the constitutive law (3.1.2) and replacing the electric

field by the Maxwell relation (3.1.1),, the magnetic induction is now readily

seen to satisfy the partial differential equation

—aa—'?zcurl(gxﬁ)—ncurl_J_ (3.1.3)

Equation (3.1.3) is now reworked using standard vector identities to yield

in sequence

0B,

= eijkekrs(UrBs),j —-n eijk‘]k,j

ot

=(8,6,-6,0,)v,B) ,—1ne,J

irY js is“ jr k,j

24



= (UiBj),j _(UjBi),j /i eijk Jk,j
=B, ,—v,B  —ne,J, .

If we use the conventional notations, namely, & is absolute temperature

and pis hydrostatic pressure then the relevant equation of motion has form

po,=—p,+pvViv,+pg, +(lx§)l.———’g—ui +%p|__Q><;|2i +2p(Lx ).,

1

(3.1.4)

where £'is the dynamic viscosity and k, is the permeability of porous medium.

The terms %‘Qx Elz,. and 2(vx £2), represent respectively the centrifugal force

and the Coriolis acceleration. The term (J x B),in (3.1.4) can be written as
(J x B),=(curl H x B),
= eijk (ejrsHs,r )Bk
kr™is

= (5 5 - 5ks5ir)Hs,er

= Hi,kBk - Hk,in
1
=—(Bi,kBk - Bk,in)
7,
where B’ =B,B, and since B)=2B,B,, then

(lxﬁ)i = lBi kBk _LBzi
u "’ ,

2u
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If we now make the Boussinesq approximation which assumes that density
is constant everywhere in the equation of motion except in its association with
the external body force where the density is linearly proportional to

temperature,
ie. p=p,(1—ab) ,

where p,is the density of fluid at temperature 7,, then the governing field

equations become,

U, ; :O’
Dv, 1
h = "'(”Ii) ;T vV v, - g(l - a0)5i3 +—Bi kBk - LU:’ + zei‘kU‘Qk’
Dt ,00 , po ’ kl ’ ’
%zkv p (3.1.5)
Dt ’
0B,
T B, ~v,B,; ~ne,J

together with the Maxwell relations (3.1.1) where D() = 8( )+ 8( )8xi ) is
Dt ot  Ox, ot

the convected derivative, k is the coefficient of thermal diffusivity, v = H s
P,

the kinematic viscosity, V? the three dimensional Laplacian operator and

1
P=p+LBZ——pOQ><[|2
2u 2

is the modified pressure.
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We may observe that equations (3.1.5) have a steady state solution in which

P=P(x,), (3.1.6)

B=(0,0,B), B = constant,

where temperatures on the planes x, =0 and x,=d are T,and T, ~T

respectively so that f=-—, and where the external magnetic field is

QN

considered to be normal to the layer of fluid.
Suppose that the initial state described by equations (3.1.6) is slightly

perturbed so that

v=0+s'v, 0=T —Px,+&6 P=P+¢’P,

(3.1.7)

B=(0,0,B)+¢’b, J=0+¢"J,

N’

where &' is the perturbation parameter and v’,8°, P',b and J are

respectively the linear perturbation of velocity, temperature, pressure,

magnetic induction and current density about their values described in (3.1.6).
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We may verify that the linearized versions of equations(3.1.5) are

I

a ‘ P‘ * * 1 * * *
Ul N +VVZU,- +gae 51‘3 +~——Bb,.3——v—~l),. +2eUkaQk’
ot Po ), pt K
v, =0,

L

50"
7 _ — kvze‘,
at ﬂU3

bi‘,i =0,
o . .
—al‘_* = BUi,3 ”neg‘k‘]k,j’
* 1 *
J, =—e,b, .

At this stage we introduce dimensionless variables x, ,0,5t,J,,6,P

b such that

2
x, =dx,, u,.‘=513,., t=d—2, szkVp"Ji,
d 1% Bd’
_k MBly p BPp g B
d\ kag d Bd*

0

After this non-dimensionalization, equations (3.1.8) simplify to

L, = 0,

‘ 1
%:—Ri + V0, +~/RO5, +b[’3_?\7_0i +ﬁeyk0,-5k3,
R%f—+H JRu, =0,

b, =0,

ii

o,
Pm W:‘ QUi,3"eiijk,j’

J =e,b, ;.

i ik

28
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(3.1.9)



where the (*) superscript has been dropped but all the variables are now non-

dimensional where the non-dimensional numbers R, N,P.,P,,Q and T are

given by
R= aglfld* Y.
vk dr’
P=2, p, ==,
k n
Q__Bza’2 T_4_Q?d4
pvn’ v:o
and
H=— B+ when heating from above,
- A -1 when heating from below.

Equations (3.1.9), and (3.1.9), can be combined to give

8b,
I)m Bt_ =Qui,3 - eijk (ekrsbs,;j)
= QUI,3 - (51’;'5].9 - 5ix5jr )bs,rj (3’1'10)
:QUi,3 +bi,j/ .

3.2 The boundary conditions

The fluid is confined between the planes x, =0 and x, =1 and on these
planes we need to specify mechanical, thermal and electromagnetic conditions.
Suitable mechanical conditions assume either a rigid or free boundary, suitable

thermal conditions assume either a perfectly conducting or an insulating
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boundary and suitable electromagnetic boundary conditions"assume either an

electrically insulating or a perfectly conducting boundary.

Mechanical conditions

On a stationary rigid boundary,
v, =0 on x=0,1,
i.e. no slip occurs and the normal component of velocity must vanish on these

surfaces. This implies that each component of the fluid velocity and all of the

x,, x, partial derivatives of each component of the fluid velocity are zero.

On a stationary free boundaryau3

5 =0, where n is the normal to the
n

cylindrical boundary drawn outwards and since

99 _9v 4 =0
on oOn
then v, =0.

Also the x, component of velocity is zero and the absence of shear stress
requires all partial x; derivatives of the tangential velocity components to be
Zero.

If we define & to be the fluid vorticity then & =curl p and the mechanical
boundary conditions can be expressed by the equations,

£,=0 on a rigid boundary,
%

=0 ona free boundary .
ox

3
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If the fluid is also incompressible, then v,satisfies the additional
property

v,
ok,

=0 onarigid boundary,

3 =0 ona free boundary .

Thermal conditions

At a perfectly conducting boundary, the temperatures of the boundary and
impinging fluid match whereas on a perfectly insulating boundary, no heat
transfer can take place between the fluid and the surroundings and thus the

normal derivative of temperature is zero. In mathematical terms, the possible

thermal conditions are

6=6, on a conducting boundary,
90 _ 0 on an insulating boundary,
o,

where 6, is the temperature of the region exterior to the fluid boundary.

Electromagnetic conditions

On a perfectly insulating electromagnetic boundary, no current can flow to

the exterior region and so J, =0 and the magnetic field is continous across

the boundary with the external magnetic field being derived from a scalar

potential since curl H=0 in the exterior region. On a stationary perfectly

conducting boundary b, =0 and there canbe no surface components of
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electric field. Also the surface components of the current density are zero and

since divJ=0 then 0/, =0.
0x

3

3.3 The eigenvalue problem

We aim to investigate the linear stability of the conduction solution (3.1.6)
and with this aim in mind we construct the related eigenvalue problem from
equations (3.1.9) and the boundary conditions. When we take the curl of

equations (3.1.9), and (3.1.10) we obtain

%é;‘— =V*¢& + \/EeUke,jéks + Ji,3 _%éi + ﬁu‘l?’ ’

; (3.3.1)

J
Pm_a't_zQé:m +Ji,_[/"

Taking the curl of equation (3.3.1), once again, we obtain

gzx‘f 5,)+Vb,, —%vzu,. -JT¢,  (332)

J

oV,
ot

F6
V*v —+R -
v VR

As is the case in many convection problems, vector components parallel to the

direction of gravity (i.e. the x,direction) play a central role and so it is
convenient to introduce the variables w, b, J, & and z by the definitions

w=uv,, b=b,, J=J,, E=¢&,,

N
ll
=
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Thus the third components of equations (3.3.1), (3.3.2) and (3.1.10) yield

9 g1
at—V§ 5 J—
g% 5
V2w ae 2*0 ob) 1 o0& (3.3.3)
5 1 8x2) V(a—zj——ﬁvzw—ﬁ—a—z,
S

Now we look for a solution of the form
@ = P(z) expli(nx + my)+ot].
where n, m are the wave numbers of the harmonic disturbance and o is the

growth rate. Thus equations (3.3.3) become

c§=L§+DJ—%{—§+ﬁDw
oP J=0D&+LJ
oLw=DLw-a*~R 0+L(Db)—%Lw—«/7 D& (3.3.4)

6P,b=QDw+Lb
GPO=LO-H\R w

where D is the operator —aa— , a(=n* + m?)is the wave number and L is the
74

operator (D> — a?). Eliminating J from equation (3.3.4), using equation

(3.3.4),, thus

[(L—GPM)(L—O'—-;/_—)—QDZ]f=—«/T(L—Pm o)Dw. (3.3.5)
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We may eliminate b, @ and & from equation (3.3.4), by applying the operator
1
(L-cP)XL-cP)(L-ocP)L—-0- F) — QD?] to equation (3.3.4), and

using equation (3.3.5) to obtain a twelfth order ordinary differential equation to

be satisfied by w.

2P P’

O'SPMRLW—O'4{ P[P, +2P(Q+P)'w- Lw }+0'3{[P,(Pm +1)°

2P,
N

+2P (P, + P +D]'w——=[P, + P(2+ P,)]['w— P,P.(20D" - —J%;)Lw

— a’RHPw+ TP P> D*w } - 0'2{ [(P, +1)* +2(P, + P+ P,P)|L'w

P"’; (1+2P’
N P

m

—_;_[4&,(1 +P)+2(P.+P)Lw+] )=20D*(P, + P. + P,P)|*w

m=r

+P PICL o1+ By — R 24 P Y Iw + a2 S HP2w
N P P N

r

2
+ a{ (2P, +P. +2)L'w— N—(P’ +2P +)L'w—-[20D*(1+ P, +P,)
] : 2 20 2172
__]\77(2})'" + P)ICw+[-a’RH(1+2P,) + (F(P’" +P)+T(P.+2P,))D IL'w
2 R 2 4 2 2 6 2 5 2 1 4

+(2a 7V—P'"H+Q D*'P)Lw+a ROHP,D'w —L w+—A7L w+ (20D _F)L w

2 Q 2 2 3 2 R 2 4 2 2 2
+(a RH—2—A7D —~TD*)'w —(a —A7H+Q DYYI’'w—a’RQHD"Lw =0.

(3.3.6)

3.4 Stability analysis

Here we shall consider the variation of the Rayleigh number as a function

of the magnetic parameter O, the Taylor number 7, the porous medium

permeability N and the wave number g for the stationary convection
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case (i.e. when o =0 ) using the boundary conditions discussed in section
{3.2} when the layer is heated from below (i.e. H = —1). If 0 =0 then we

deduce from equations (3.3.4) that

L§+DJ—%§+«/7DW=O,
LJ +0ODé& =0,
sz—a%/ﬁmL(Db)—%Lw—ﬁm:o, (3.4.1)

Lb+QDw=0,
LO+Rw=0.

Eliminate b from (3.4.1),,. Thus

sz—aZ«/EH—QDzw—}lVLw-—ﬁszo. (3.4.2)

Equation (3.4.2) can be written in the form

2

a

D*w, —(2al +Q, + NLI)DZW1 +a'w, — af\/il 0, + —N‘—lwl — \/fol =0.
Multiplying by w, and integrate to obtain
[D*w,D’w, + (24} + Q, + —]\1[—) [Dw,Dw, +qf fw,w, - a’ R, [w.6,
)
+ %121 [w,w =T, [w,D& =0. (3.4.3)
Similarly
J'DzwlDzw2 +Q2d; +Q, + NL) [Dw,Dw, + a; J'wlw2 ~a’.[R, [wé,

2

+ _]‘\’[_5 [ww, =T, [w,DE, =0. (3.4.4)
2
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Also equation (3.4.1), can be written in the form )

1
D —a’é +DJ, - o JT Dw, =0.

1

Multiplying by &, and integrate to obtain

[D&,DE +a} [E& + [J,DE, + NI‘ [&& =T, [£,Dw,. (3.4.5)
Similarly
[DeDE +a; [6&, + [J,DE + 7\/1— [e&, =T, [£.Dw,. (3.4.6)

From equation (3.4.1),
D*J, —alJ, + QD¢ =0.

Multiplying by J, and integrate to obtain

[DJ,DJ, +a? [J,J, =0, [J,Dé,. (3.4.7)
Similarly
[DJ.DJ,+a; [JJ, =0, [JDE, (3.4.8)

By using equation (3.4.8) we can eliminate J'Jlsz from (3.4.5). Thus
1
R R AT A
2

. (3.4.9)
+ "N_ I§1§2 = '\/Tl Ié:Zle'
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Similarly, from equations (3.4.6) and (3.4.7) we can eliminate 'fJ ,DE,. Thus

[DgDE, +a [Eg, +QL[ [DJ,DJ, +a? [J,J,]

+ —Nl— [&& =T, [éDw,. (3.4.10)

Since
[w,Dé& = [D(w,& )~ [&Dw, == [¢,Dw,
then using equation (3.4.10) we can eliminate jszfl from equation (3.4.3).

Thus

IDZWZDQWI + (2a12 + Q1 ¥ Fl-)ijszl + a14 IWZWI - alz\/fl jwzex +%12 IW W
1

d : ! ) 1
+——:/[%{ IDlefz +a ,ffzfl +ZQTUDJ2DJ1 +a 'fJ2J1]+7V—2j'§2§l }zo.

1

(3.4.11)

Similarly from equations (3.4.4) and (3.4.9) we can eliminate jwlD§2 . Thus

jDzwlDzwz +Q2a+0Q, + Nl_) ijlDwz +a, 'fwlwz - ai\/R—2 jwlez + —;’22— jwlwz
2 2

JE { [pe.Dg vl o+ LD DS+ o Lo fe }:‘ 0

+

(3.4.12)

From equation (3.4.1),

D6, — a6, + \/flwl =0.

37



Multiply by 6, and integrate to obtain

[D6,D6, +a! [6,6, =R [6,w,. (3.4.13)
Similarly
[Do,D6, +a; [6,6, =R, [6w,. (3.4.14)

By using equation (3.4.14) we can eliminate J w,6, from equation (3.4.11) to
obtain

2 2 1 4 2 Rl ‘
[D*w,D*w, +(2a} + O, + F1) [Dw,Dw, +a} [ww, -4 7% | [D6,DB, + a; jelez]

1 7; 2 ] 2 1
?v; 172 \/\/;T:{ JD§1D§2+a2 J§2§1+_QTUDJ2DJ1+CI1 JJ2J1]+"N";J§2§1 }'_"0

(3.4.15)

Similarly from equations (3.4.12) and (3.4.13) we can eliminate j 6,w, . Thus

‘/_[jDeDe +a’ [6,6,]

JDzwlDzwz + (24 + 0,

f{ jD§2D§1+a fee, + é[jDJDJ va? [JJ, ]+ — Iélsi }:

ST
(3.4.16)
By subtracting equation (3.4.16) from equation (3.4.15) we obtain
‘ 2 a2
2
[2(al2 —al)+0 -0, +J—V-—F}J‘Dw Dw, +[ (@' —a)+3 N N ]jwzw

a’R —a’R,)[DO.DO, +a’a’(R, - R,) [6,0 DE Dé,
| | ool L |

I T

2 2 I T I T
\/_Tl_{(ale alT)+ N, }I&é x/_(Ql QZ)IDJDJ
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2 2
1 (C’ITI T)jJJ =0. (3.4.17)

+
JIL\ O 0
Suppose that
w,ow,, 6,0, &§-&, J,~>J,,0 >0,
a-—>a,, ,>T,, R—>R, and N —>N,.

1

Dividing (3.4.17) by s, — s, and taking the limit as s, — s, . Thus (3.4.17)

become
4a——[.[(Dw) e Py (27 }
”T[J(D@ R R TR ﬂ

1 dN

901 oy - g o0y -5 ]————[ fow) v -fc* |
=2 dR[ (Do) +a* [6? }

R

(3.4.18)
Since
R=R(a,T,Q,N)
then

drR 6Rda+6RdT+6RdQ OR dN
ds dads T ds 00 ds ON ds
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Therefore (3.4.18) becorres
122 flow) +a o+ =3 00Y -3 43617
pLd [ D2) +a* [+ 5+ 00 + jf]
201 (o - 3 oY - 55 ]——l—d—N[ o)+ ~fz* |

_ [8Rda+8RdT+8RdQ OR dN (Do) +a* [6°
dads oTds 00 ds ON ds

(3.4.19)

From (3.4.19), we can show that

8R 4aR

Eoi {j(Dw) +(a’ 2 )jw2 —% [(DoY —%jgz +§1§ JZ}
where y=a’[[(DOY +a* [0)
Clearly the minimum Rayleigh number occurs when
[(Dw) + (@ + ) fw? + == [ =2 [(Doy +3 [&.
2N 207" 2 2

Also from (3.4.19) we can show that

oR _ R

or T@[QI(D& +a’Q e’ +QI§ + [(DI) +a sz] > 0.

Thus the Rayleigh number R is an increasing function of the Taylor

number7 . In fact when Q — o, Z—I; — 0 so for higher values of O the

Rayleigh number R does not depend on 7.
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Moreover from (3.4.19) )

B fiowy - - o - ]

Thus the Rayleigh number is an increasing function of Q provided
Q* [(Dw) > [(DJY +a® [J°.
It can be shown also from (3.4.19) that

OR

o 7N[I(Dw)+ajw }

Which indicates that the Rayleigh number is a decreasing function of the

porous medium permeability provided

I(Dw)z +a’ jwz > £

The free boundary problem

In the following analysis we shall consider both boundaries to be free but
later on we shall present results for the corresponding rigid boundary value

problems. For the free boundary value problems
w=D’w=0 on z=0,1.
Thus equation (3.3.6) has eigenfunctions w = Asin(/zz) where 4 is a constant

and / is an integer. Consequently Lw=-Aw where A=[’z’+a’and o

satisfies the fifth order equation,
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2

o’P.P + 0'4{ P[P, +2P(1+P)IA+ 21;’VP'" } + 0—3{ [P(P,+1)

2
+2P (P, +P. + DA +—§"—[Pm +P(2+P)A+PP(20I'7’ +_]€zf2_

+a*RHP> A" +TPP P A } + o-z{ [(P, +1) +2(P, + P.+ P,POIX

2P,
P

m

1 2
+7V—[4Pm(1+P,)+2(P, + PO +[—]I:}"—2(1+ y+200’7*(P,+ P. + P,P)I4

+ PmP,[(-z—Q +T(2+ —Pl))lzyz2 + azRE—(Z +P)+a’ EHP"?/I"
N P P N
+a{ 2P, + P +2)A' +%(Pr +2P + DA +[20°7*(1+ P, + F,)

+-A—1,7(2Pm + P}V +[a®’RH(1+2P,) + (%%(Pm +P)+T(P. +2P)’7*)A

+ (24’ %PMH +Q'n*P)+a’RQHP, 1 1! }+ r +%ﬂ +20I'7" + ﬁl;)/’t‘“

+[a’RH + (2% + TP A +(a® %H +Q'n*" YA +a’RQHI* " =0.
(3.4.20)
Since the coefficients of this polynomial are real, then its solutions
are one of the following :
1. All solutions are real.
2. Three solutions are real and two are complex conjugate pair solutions.
3. One solution is real and four are complex conjugate solutions.
The stationary instability happens if any real solution is positive while

overstability happens if any real part of the complex conjugate solutions 1s

positive . Solutions of (3.4.20) are functions of P,P,,N,Q,Tand R and we

have to examine how the nature of these solutions depends on

P,P,,N,Q,TandR in the context of heating the fluid layer from below.
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Stationary convection case

To study the effect of magnetic field, permeability of porous medium and

rotation on R for the free boundary problem we set o =0 in equation (3.4.20).

Thus we deduce that
R="2[c? +Tan1?] (3.4.21)
acC

where C=1"+ % + 1’7 Q0.

From equation (3.4.21) we fined that

dR _Alx’ [1— T,uznz]

do C’

dr 2 TP

T [1— = } (3.4.22)
drR R I'x’

dTr  4’C?

It is clear from equation (3.4.22), that the magnetic field has a stabilizing

effect on the system in the absence of rotation. Also it has a stabilizing effect

on the system in the presence of rotation provided that

CZ

T< ~ .
Alr?

From equation (3.4.22), we find that the permeability of porous medium

has a destabilizing effect on the system in the absence of rotation. Also it has a

destabilizing effect on the system in the presence of rotation provided that

CZ

T < .
I’ A
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From equation (3.4.22), it is clear that the rotation has a stabilizing effect on

the system.

The overstability case

Since the equations are so complicated, we were unable to obtain
analytical solution for the overstability case but we have produced numerical

solutions for the corresponding problem.

3.5 Numerical discussion

The eigenvalue problem (3.3.4) together with the boundary conditions
are solved using expansion of Chebyshev polynomials. The relation between
the critical Rayliegh number R and the magnetic parameter Q for the stationary
convection case is displayed in figures (2)-(6) when both boundaries are free
and in figures (14)-(18) when both boundaries are rigid for different values of
the porous medium permeability and different values of the Taylor number T.
The figures show that as Q increases R increases which means that the
magnetic field has a stabilizing effect. Also it appears from the figures that as
the permeability of the porous medium, N, decreases R increases which means
that as the fluid becomes less porous it becomes more stable. The numerical
results are listed in tables (1)~(5) for free boundary conditions and (13)-(17) for
rigid boundary conditions. Moreover the presence of porosity delays the

conflict which happen between the magnetic field and the rotation in absence
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of porosity which Chandrasekhar indicated in his book (1961). Similar results
were obtained for the overstability case which are displayed in figures (7)-(11)
for free boundary conditions and in figures (19)-(23) for rigid boundary
conditions and the corresponding numerical results are listed in tables (6)-(10)
and (18)-(22) respectively. From figures (19)-(23) it appears that the critical ‘
value of the magnetic parameter increases as the permeability of the porous
medium decreases.

A comparison between the cases of overstability and stationary convection
for the free boundary conditions is displayed in figures (12) and (13). A similar
comparison for rigid boundary conditions is displayed in figure (24). The
numerical results for free boundary conditions are listed in tables (11), (12)
and in table (23) for rigid boundary conditions. The Fortran codes for the free

and rigid boundary problems are listed in appendices (II) and (III) respectively.
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Chapter Four .

Benard convection in a horizontal porous layer permeated by a
non-linear magnetic fluid under the influence of both magnetic
field and Coriolis forces

4.1 Mathematical formulation

In the previous chapter we have discussed Benard convection in a
horizontal porous layer permeated by a conducting fluid under the influence of
both magnetic field and Coriolis forces when the relation between the
magnetic field H and the magnetic induction B is linear. Here we shall use a

non-linear constitutive relationship of the form (see Roberts (1981)).

oy’
H =p—*—, 4.1.1
' OB, ( )

where ' =w'(p,B) is the internal energy function. Since y" must be

invariant then the dependence of " on B is reduced to ' =w(p, B).Thus

from (4.1.1)
Hi =p¢Bi
where
1 oy
=——1 41.2
¢ B 2B (4.1.2)

is the susceptibility. According to this non-linear relationship the term (J x B)

in the equation of motion (3.1.4) can be rewritten as
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(J x B), =(curl H x B),
=e, (curlH),B,
7 ejrsHs,r‘Bk

ik

= (5 5 - 5I(sé‘ir )Hs,r‘Bk

kr™is
= Hi,kBk - Hk,in
= Hi,kBk - (Hk‘Bk),i + HkBk,i
=(p¢B,),B, —(p¢B*), + pp BB,

Using (4.1.2) we can show that
(J_XE),' = (p¢Bi),kBk - (pBWB - pl//),i

but
By, -y =B’¢— [¢BdB
1

- B4 —5[¢B2 - [B*¢,dB ]

_ l 2 2

= 2(3 ¢+ [B’¢dB)
~(IxB), =(p$B,),B, ~2 (B + [B4,aB),.
Thus the equation of motion (3.1.4) is modified to
pv,==P,+pvVv,+pg,+(p4B), B, - %ui +2p(Lx£2),

1

where

P2 2 1
P=p+Z(B B2¢.dB) ——
p+2( ¢+I ¢,dB) 5 P

2
Qxrl.
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If we now make the Boussinesq approximation then the governing field

equations become

Duo.
—'—U_’ = —(f_) +vV' D, - g(l - a0)§i3 + (¢Bi),lc Blc _;cv—ui + 2eijlcuj‘(Qk’

Dt po 1
(4.1.3)
DO _ o,
Dt
0B,
—297 = le)i,j - UjBi,j — neiijk,j,
together with the Maxwell equations
divB = B,,=0,
curl H= e, H, =J, (4.1.4)
0B,
curlE =ey.kEk,j=- E
Equation (4.1.3) and (4.1.4) have a steady solution in which
b= 09 '
0=0(x;,)=T, - fx,,
P = P(x,)
’ 4.1.5
B=(0,0,B), B = constant, ( )
J =0,
¢ = ¢ (B).

Suppose that the initial state described by equations (4.1.5) is slightly

perturbed so that

v=0+¢'D, 0=T - Bx,+¢ 0 P=P+& P,
B=(0,0,B)+¢'b, J=0+¢"J, p=¢+ b4,
where & is the perturbation parameter and v 0, P, b and J are

respectively the linear perturbation of velocity, temperature, pressure,
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magnetic induction and current density about their values described in (4.1.5).

The linear perturbation of ¢ about its value (4.1.5), can be obtained in the

following way :

B =(B.B)"
{l0.0.8)+¢ 6] [0.0,B)+5 8]}

~[B*+ 22 (0,0 B)‘b‘]l/z

gl 28 (OZ;)ZB)b]
~B|1+% (0.9,B).b + _J
BZ

L
= B\:l + i (0’3;28).2 ]

£ (0,0,B).b
B

=B+

Therefore

_ £ (0,0,B).5’
=5+ 0001

£ (0,0,B).b
B

~P(B)+ ¢:(B)+
z¢(B)+“5“b3¢¢3(3)’ b “(bx’ 22 )

We may verify that the linearized versions of equations (4.1.3) and (4.1.4) are

_a& :-(ij + VVzl): + gaH‘é'B +B¢b,-t3 +Bz¢3b;,35i3 ;: U: + 2euku Q,

ot P.) 1
v, =0,
—ai—ﬂu =kV?0’ (4.1.6)
b, =0,
%;——Bu ety >

']i —exjk(p¢bl:+ P B¢Bb;5k3),j'
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A ~

Now we introduce dimensionless variables x,,0,,t,J,,0,P and b,such that

2
s =dt, v =%, t=d—f, g =K.
d 1% Bd
g = |ﬁl P = k"pvp and b =—Y .
d kag d? ‘" B¢d

After this non-dimensionalization, equations (4.1.6) simplify to

v, =0,
—%%=—Ri +V2 v, +ROS, +b,, + b, 5, - SO JTe,v,3,,,
P —%§+ HRv, =V 0
b =0, (4.1.7)
ab —QU,3 e.J, ,

J, = eb ; e, b, 0.,

ik
where the (*) superscript has been dropped but all the variables are now non-

dimensional and where the non-dimensional numbers R,N,P,P ,&,Q and T

are given by

d4
Rzaglﬁ\ ’ N=—k—‘2—,
vk d
R:y—, szil—, —B¢B,
k n ¢
2 72 2 74
Q=Bd , T 4.(22d
PV v
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Equations (4.1.7), and (4.1.7), can be combined to obtain

ob,
Pm —51‘— = Qui,3 - eiijk,j

= Qui,3 - eijkekrs (bs,r + gb3,r5s3),j

= Qui,3 - (5ir5js - 51'55jr )(bs,rj + gb3,rj5s3)
=Quv,,—(b,, — b, +éb,, 6, — &b, ;0,)
=Quv,, +V’b, +&V’b,6,, — éb, ;. (4.1.8)

4.2 The eigenvalue problem
Following the same procedures as in the previous chapter, we shall

define the variables w, b, J,£ and z as
w=uv,, b=b, J=J,, &=¢&, z=x,.
When we take the curl of equations (4.1.7),and (4.1.8) we obtain

¢,

1
—a_l‘_ =V2§i + Jk_eﬁke,j5k3 + eijkbk,3j + gey‘kb3,3j k3 ]-V_él + ﬁui,s’
(4.2.1)
oJ. ob, .
PMEL“EPmeyk—éz,_Jé‘ks =Q§i,3 +Ji,jj'
Taking the curl of equation (4.2.1), once again, we obtain
oV, 0’0 0’6
= V', —JR( ——265,)+ Vb, +&V?h, 5, — b,
at ax3 axi axj 3 3 3,37i3 3,33
1
- szui - ﬁéiﬂ
(4.2.2)

97



The third components of equations (4.2.1), (4.2.2) and (4.1.8) yield

o0& aJ 1 ow
—2-V? - T —,
ot &+ 0z 5 T
oJ 5
423
"ot =95, 82 ( )
IVw 520 52% v(ab) L 0(2h ob)_Llga %
ot | ox!  Ox, oz oz\ox! ox; ) N 0z
ib——Q—— Vb + alz+612) .
ot oz ox, 0Ox,

Now we look for a solution of the form
@ = D(z) expli(nx +my)+ot].
Thus equations (4.2.3) become
o6& =L§+DJ——;—[—§+«/7 Dw,
oPJ=0Dé+LJ,

6Lw=Iw—-a*R 0+L(Db)—ga2(Db)——]1VLw—«/7 Dé, (4.2.4)

6Pb=0Dw+Lb-¢ga’h,
6PO=LO-H,R w.

Eliminating J from equation (4.2.4),using equation (4.2.4),, thus

1 2
(-0 P)L-0--)=0D 16 =T (L-P,o)Dw. (4.2.5)
We may eliminate b, @ and¢ from equation (4.2.4), by applying the operator
(L-oP,~sa’}(L-oP)[(L-cP,)L-0- 71[—) —QOD?] to equations (4.2.4),

and using equation (4.2.5) to obtain a twelfth order ordinary differential

equation to be satisfied by w.

98



PP’
O-SPMP,Lw—o-“{ P[P, +2P(1+P)|'w— [ ]'vm +2PPga® |Lw }

{[P(P +1)*+2P (P, + P + )] Cw— [ "’(P +P(2+P))

P 2
+ea’ (P, + P, + 2P, P)|L'w ~ P, P.(20D" ~ 2 - 264

— a*RHPw
+TP P’ D*w }— 0'2{ [(P, +1)* +2(P, + P, + P,P)|['w

—L[4Pm(1+P,)+2(P, + Py~ aa’(1+2(P, + P)+P.P)[L'w

P2 2P

m

+P P[( 20 +T(2 +€)"L))D2 —azRg(z +P)+&*(QQ2P. + P, + PP)D’

r

PP R 0 a
2 myTw+[a’ = HP? — ea®P P((=+T)D* ——RH

r

+ O'{ P, +P +2)Lw— [-]2\7(P, +2P, +1)+&a’(P. + P, +2)|L'w

+[-(20D?

+[—a2RH(1+2Pm)+(%(Pm +P)+T(P.+2P)D* + &a’(QD*(2+2F. + P,)

— NI;(P, + P )w +[(2a° —JIS,"P»:H +Q’D'P)+e&a’(a’RH(1+P,)

- (%(Pm +P)+T(P. + P,)D")|Lw +[a*RQHP,D* — £a* (a’ P, %H

1
N2

+PQO*DY)w } ~Lw+ (—]%,— +&a’)L’'w+ (20D?

+[a’RH — (2]—%— +T)D* + &a’ (]—t[— —20D)1Lw +[—(a’ %H +0*D*)

a’R

+é&a’ ((—2]—\79~ +T)D? —a*RH)|C'w + [&a®>(Q*D* + a’ROHD*|Lw
+&a*RHQD® =0.
(4.2.6)
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Now we shall consider both boundaries to be free but later on we shall

present results for the corresponding rigid boundary value problems. For the

free boundary value problems
w=Dw=0 on z=0,1
thus equation (4.2.6) has eigenfunctions w = Asin(/7z) where 4 is constant

and / is an integer. Consequently Lw=—Aw where A=’z +a’ and o

satisfies the fifth order equation,

2
o’PP +o*4{ P[P, +2P(1+P -] 21;vP

+MPm]}

a}{ [P(P, +1)" +2P,(P, + P +])|¥ +[2§m (P, +P(2+P,)

+ea’(P, + P +2P P)|A+P,P.(20' % +75'L2+ *(a’RH

+TPI*n )2 } + az{ [(P, +1)’ +2(P,+ P.+ P,PO)I¥

+L[4Pm(1+P,)+2(P, + P+ &’ (1+2(P, + P)+ P,P)IX

[ (

+ PmP,[(27VQ— +T(2+ %))lzyz2 + azR%(z +P )| +e&a’(QQ2P. + P, + PP)I’%’

r

E m)]+[ —-HP2+Ea PP((_Q,_;_T)IZ EP;RH)]/?._I }

r

+ 0'{ 2P, +P + )X +[—]2v—(P, +2P +D)+&d’(P + P, +2)&

+[20Pz*(1+ P, + P,
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+[a’RH(1+2P,) + (2—]8(Pm +P)+T(P.+2P ) )’n’* + &a’ (QI’n* (2 + 2P+ P,)
+ %(Pr + P )IA+(2d° %PMH +Ql'n*P)+ &’ (a’RH(1+ P,)

9 R

+H(S(R +R)+T(R+P, Wa*)+[a’RQHP,I '’ + ea* (a*P, - H

+ PO ' " )4 }+(/1+ mz)[ 2 +—?V——/13 +Q20r'z’ +N1-2—)/12
sarH + L+ @ R e g1 aty s aREOER R |=0
* 7z]+(a7V— +Q°I'7r*)Y+a RHQOI'w =0.

(4.2.7)

Since the coefficients of this polynomial are real, then its solutions are

one of the following :
1. All solutions are real.
2. Three solutions are real and two are complex conjugate pair solutions.
3. One solution is real and four are complex conjugate solutions.
The stationary instability happens if any real solution is positive while
overstability happens if any real part of the complex conjugate solutions is
positive . Solutions of (4.2.7) are functions of P, P,, N, &, Q, Tand R and
we have to examine how the nature of these solutions depends on

P,P,N,& Q,TandR in the context of heating the fluid layer from below.

Let us assume that \QI is an increasing function of |1_LI__ \ so that

dB d(¢B)
——>0.Consequently ———=>0 = ¢+B¢g. >0
2H sequently — ¢+ Bg,

.'.1+%>O = 1l+&>0andso ¢>-1. Since ¢>—1 then
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A+ée’ > 0. (4.2.8)

Stationary convection case

To find the critical Rayleigh number for the onset of stationary convection

we set o = 0 in equation (4.2.7). Thus

A+ gaz)[ a—z’%(cz + TAPZY)—R ]: 0.

where C=A4 +i+ I’z*Q.
N
i.e.
2’ 2 2.2
R=——(C*+TA'7"). (4.2.9)
aclC

Since this equation does not contain P, P, or & then the critical Rayleigh
number for stationary convection is independent of P,, P, or &, which means

that the non-linear relation between B and H has no effect on the

development of stationary instability. From equation (4.2.9) we find that

dR _Al'x’ [1 ~ Tll%ﬁ}

o & Jok

:;—— sz [1—TIC’Z ’1], (4.2.10)
a

dR A Ix’

a7 C*

It is clear from equation (4.2.10), that the magnetic field has a stabilizing

effect on the system in the absence of rotation. Also it has a stabilizing effect

on the system in the presence of rotation provided that
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CZ

T<—— .
Aln?

From equation (4.2.10), we find that the permeability of porous medium

has a destabilizing effect on the system in the absence of rotation. Also it has
a destabilizing effect on the system in the presence of rotation provided that

CZ

T< .
I’z*A

From equation (4.2.10), it is clear that the rotation has a stabilizing effect on

the system.

The overstability case

Since the equations are so complicated, we were unable to obtain
analytical solution for the overstability case but we have produced numerical

solutions for the corresponding problem.

4.3 Numerical discussion

The eigenvalue problem (4.2.4) together with the boundary
conditions are solved using expansion of Chebyshev polynomials. The non-
linear relationship between the magnetic field H and the magnetic induction B
has no effects on the relation between the critical Rayleigh number R and the
magnetic parameter  for the stationary convection case for different
boundary conditions. However it has a great effect in the development of

instabilities through overstability case. The relation between the critical
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Rayleigh number R and the m\agnetic parameter Q for the overstability case
for different values of the porous medium permeability when both boundaries
are free is displayed in figures (25) and (26) when T = 10* for &=1,2
respectively and in figures (27), (28) and (29) when T =5x 10* for £=1,2,3
respectivély. For rigid boundary conditions the relation is displayed in figures

(30) and (31) when T =10* for £=0.25,0.5 respectively and in figures (32)
and (33) when T =5x10* for £=0.25,0.5 respectively. The figures show that

as Q increases R increases which means that the magnetic field has a
stabilizing effect. Also it appears from the figures that as the permeability of
the porous medium, N, decreases R increases which means that as the fluid
becomes less porous it becomes more stable. Moreover the critical value of the
magnetic parameter Q, at which overstability becomes possible, increases as
the porous medium permeability N decreases. The numerical results are listed
in tables (24)-(28) for free boundary conditions and in tables (29)-(32) for
rigid boundary conditions. Figure (34) shows a comparison between the free
boundary conditions and the rigid boundary conditions for T =10" when

£=0.5. The numerical results are listed in table (33).

In fact, it appears that as the value of the parameter ¢ increases, the
critical Rayleigh number increase which means that the non-linearity has a
stabilizing effect for the overstability case. The fortran codes for the free and

rigid boundary problems are listed in appendices (IV) and (V) respectively.
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Appendix (1)

PROGRAM P1
* %k %k
* %k k +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
ol This Program solves the Benard Problem in the presence
*kk of both magnetic field and Coriolis forces using
*ok K approximation of Chebyshev polynomials.
*kk A nag routine FO2BJF is used to fined the required
kK x eigenvalue. The golden section technique is used to
*k K minimize the Rayleigh number over the wave number.
falalel The fluid layer 1is heated from below and the boundaries
*x ok are free(Linear relationship between the magnetic field
*xx and the magnetic induction) -
* %k
ko x i.e. W=D2W=0 on z=0,1
* % %k
* % %
*k K A, B . The upper and lower pbound of the
*x Kk : wave number.
*EE RALY1, RALY2 : The upper and lower bound of the
* oKk . critical Rayleigh number.
*kx Q Chandrasekhar number.
* k% PR . Viscous Prandtle number.
il PM : Magnetic Prandtle number.
*xx Wave . The wave number.
* k% RALY . The critical Rayleigh number.
falald SEGMAR . The real part of the eigenvalue.
* kK SEGMAI . The imaginary part of the eigenvalue.
* % %k
* k% +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
* kK
IMPLICIT DOUBLE PRECISION (A-H, 0-2)
COMMON RALY1,RALY2, TOL, Q, T, PR, PM
OPEN (8, FILE='C:\WORK\RESULT' )
* % %
* %k Reading the data
* k x

WRITE(*, *)'A, B, RALY1l, RALY2, Q, T, PR, PM ='
READ*, A, B, RALY1l, RALYZ2, Q

WRITE (8,100) Q

WRITE (8, 200) PR, PM

* * *
* kK Using the golden section method
* k *
TOL= 10.0DO** (-8)
RG = 0.5D0% (DSQRT(S.ODO)—l.ODO)
M DABS (DLOG (TOL/ (B-A)) /DLOG (RG))
X1 = A+ RG * (B-A)

1
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10

20

100
200
300
400
500

* k Kk
* %k
* k%
* % %
* * %

* * %

CALL CHEBY (X1, Rl, SEGMAR1, SEGMAIL)
X2 = A + RG **2 * (B-A)
CALL CHEBY (X2, RZ, SEGMAR2, SEGMAIZ)

DO 10 I=1, M
IF(Rl.GT.RZ) THEN

B = X1
X1= X2
R1l= R2

X2 = A+ RG **2 * (B—A)

CALL CHEBY (X2, RZ, SEGMAR2, SEGMAIZ)

ELSE
A = X2
X2= X1
R2= Rl

X1= A+ RG * (B-A)

CALL CHEBY (X1, Rl, SEGMAR1, SEGMAIL)
ENDIF
R12= DABS (R1-R2)

IF (R12 .LT. TOL) GOTO 20
CONTINUE

WAVE = (X1 + X2)/2.0D0
CALL CHEBY (WAVE, RALY, SEGMAR, SEGMATI)

WRITE (8, 300) WAVE
WRITE (8, 400) RALY
WRITE (8, 500) SEGMAR, SEGMAI

FORMAT (//6X%, 10=',F16.5)

FORMAT (//6X, 'PR=', F8.4, 4X, 'pM=", FB8.4)
FORMAT (//6X, 'A=', F12.5)

FORMAT (//6X, 'R=', F19.6 )

FORMAT (//6X, 'SEGMAR=',6 F19.5, ' SEGMAI=',
STOP

END

subroutine to solve the eigenvalue problem
(AX=SEGMA BX)

using the nag routine FO2BJF
SUBROUTINE CHEBY (X, RALY, SEGMAR, SEGMATI)

IMPLICIT DOUBLE PRECISION (A-H, 0-7)
PARAMETER (N=20, L1=30, L=6*L1l)
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DIMENSION A(L,L), B(L,L), Z(L,L), XI(L1l,Ll), D(L1l,L1),

* D2 (L1,L1),V(L1,11) ALFR(L) , ALFI (L),BETA(L),
* ITER(L), R(100), SR(L), SI(L),ELANDAR (L),
* ELANDAI (L)

COMMON RALY1l, RALYZ, TOL, Q, T, PR, PM
LOGICAL MATZ
EXTERNAL FO02BJF

A2 = (X/2.0D0)**2

R(1)=RALY1
R(2)= RALY2
N2 = 2*N
N3 = 3*N
N4 = 4*N
N5 = 5*N
N6 = 6*N

* % %k
* Kk The identity matrix
* * Kk
Do 2 I=1, N
po 1 J=1, N
IF(J .EQ. I)THEN
XI(I,J)=1.0D0

ELSE
XI(I,J)=0.0D0
ENDIF
1 CONTINUE
2 CONTINUE

* * k
* kK Calling subroutines to construct the derivative matrix (D)
* k k

* ok Kk and the second derivative (D2)
* %k

CALL DERIVE (N, D)
CALL PROD (N,D,D,D2)

DO 4 I=1, N
DO 3 J=1, N
v(I,J)= 4.0DO0 * (D2 (I1,J)-A2 * XI(I,J))
3 CONTINUE
4 CONTINUE

DO 45 K=1, 100

IF (K.GT.2)THEN

R(K)=(R(K-2) * SR(K-1) - R(K-1)* SR(K—Z))/(SR(K—l)—SR(K—Z))
ENDIF

RA2= (DSQRT (R(K)) * X * X) * (-1.0D0)

DO 6 I=1, N6
DO 5 J=1, N6
A(I,J)=0.0DO0
B(I,J)=0.0D0
5 CONTINUE
6 CONTINUE

127



* % %
* % *
* % %
* % %
* % %

* % %

* k%
* % %k

* % %

10

11
12

* % %k
* % %k

* % %

13

14
15

* % %
* %k

* % %k

16

.3

Building the square matrices A & B

Enter the elements All and B1ll with the boundary conditions

po 7 I=1,N

A(1,I)= 2.0D0 * DBLE (I-1)**2

A(2,I)=(2.0D0 * DBLE (I-1)**2) * (-=1.0D0) ** (1)
CONTINUE
po 9 I=3, N

po 8 J=1,N

A(I,J)=V(I-2,J)
B(I,J)=XI(I—2,J)

CONTINUE

CONTINUE

Enter the elements A22 and B22 with the boundary conditions

po 10 I=1,N
A(N+1, I+N)= 1.0D0
A(N+2,I+N)=(—1.0DO)**(I—l)
CONTINUE

DO 12 I=N+3, N2
DO 11 J=N+1, N2
A(I,J)=V(I—N—2,J—N)
B(I,J)=PM * XI(I-N-2,J-N)
CONTINUE
CONTINUE

Enter the elements A33 and B33 with the poundary conditions

po 13 I=1,N
A(N2+l,I+N2)=1.0DO
A(N2+2,I+N2)=(—l.ODO)**(I—l)
CONTINUE

DO 15 I=N2+3, N3
DO 14 J=N2+1, N3
A(I,J)=V(I—N2—2,J—N2)
B(I,J)= XTI (I-N2-2,J-N2)
CONTINUE
CONTINUE

Enter the elements Add and B44 with the poundary conditions

po 16 I=1, N
A(N3+1,N3+I)= 2.0D0 * DBLE (I-1)**2
A(N3+2,N3+I)=(2.0DO * DBLE(I-1)**2) * (—1.0DO)**(I)
CONTINUE
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17
18

* * k
* * k

* % %

19
20

* x %k
* k%

* k%

21
22

* k%
* * k

* k%

23
24

* * x
* *x %

* % %k

25
26

* * k
* % k%

* * x

27
28

* k Kk
* * k

* * k

DO 18 I=N3+3, N4
DO 17 J=N3+1, N4
A(I,J)=V(I—N3—2,J—N3)
B(I,J)=PM * XI(I-N3-2,J-N3)
CONTINUE
CONTINUE

Enter the elements AS55 and B55 with the boundary conditions

DO 20 I=N4+3, N5
DO 19 J=N4+1,N5
A(N4+1,J)= 1.0D0
A(N4+2,J)=(—1.0DO)**(J—N4—1)

A(I,J) =V (I-N4-2,J-N4)
B(I,J) =pR * XI(I-N4-2,J-N4)
CONTINUE
CONTINUE

Enter the element A66 with the boundary conditions

DO 22 I=N5+3, N6
DO 21 J=N5+1, N6
A(N5+1,J)=1.0DO
A(N5+2,J)=(—1.0DO)**(J—N5—1)
A(I,J) =V (I-N5-2,J-N5)
CONTINUE
CONTINUE

Enter the element B34

DO 24 I=N2+3, N3
DO 23 J=N3+1, N4
B(I,d)= (-2.0D0) * PM * D(I-N2-2,J-N3)
CONTINUE

CONTINUE

Enter the element Al2

DO 26 I=3, N
DO 25 J=N+1, N2
A(I,J)=2.0D0 * D(I-2,J-N)
CONTINUE

CONTINUE

Enter the element Alo
DO 28 I=3, N
DO 27 J=N5+1, N6
A(I,J)=2.0DO * DSQRT(T) * D(I-2, J-Nb)
CONTINUE
CONTINUE

Enter the element A2l
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29
30

* k%
* k *
* k%

31
32

* % *
* k %

* k *

33
34

* k k
* * %

* % %

35
36

* * *
* k%

* * %

37
38

* * %
* % %

* % %

39
40

* * %
* % %

* * %

po 30 I=N+3, N2
DO 29 J=1, N
A(I,J)= 2.0D0 * Q * D(I-N-2,J)
CONTINUE

CONTINUE

Fnter the element A31

DO 32 I=N2+3, N3
po 31 J=1, N
A(I,J)=(-2.0D0) * DSQRT(T) * D(I-N2-2,J)
CONTINUE

CONTINUE

Enter the element A35

DO 34 I=N2+3, N3
DO 33 J=N4+1, N5
A(I,J)= RA2 * XI (I-N2-2,J-N4)
CONT INUE

CONTINUE

Enter the element A36

DO 36 I=N2+3, N3
po 35 J=N5+1, N6
A(T,J)= (-4.0D0) * Q * D2 (I-N2-2,J-N5)
CONTINUE
CONTINUE

Enter the element A46

DO 38 I=N3+3, N4
Do 37 J=N5+1, N6
A(I,J)= 2.0D0 * Q * D(I-N3-2,J-N5)
CONTINUE

CONTINUE

Fnter the element AS56
DO 40 I=N4+3, N5
DO 39 J=Nb+1, INES)
A(I,J)=DSQRT(R(K)) * XI(I—N4—2,J—N5)
CONTINUE
CONTINUE

Enter the element A63
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41
42

* * *
* kK

* k *

43

* * Kk
* * %

* kK

44

45
46

DO 42 I=N5+3, N6
DO 41 J=N2+1, N3

A(I,J)=(-1.0D0) * XI (I-N5-2,J-N2)

CONTINUE
CONTINUE

MATZ .FALSE.
EPS1 (10.0D0) ** (-15)
IFAIL= 0

l

calling nag routine to solve the eigenvalue problem

CALL FOZBJF(N6,A,L,B,L,EPSl,ALFR,ALFI,BETA,MATZ,Z,L,ITER,IFAIL)

M=0
DO 43 1I=1, N6

IF(BETA(I) .NE. 0.0D0) THEN

M=M+1

ELANDAR(M)=ALFR(I)/BETA(I)
ELANDAI(M)=ALFI(I)/BETA(I)

ENDIF
CONTINUE

Choosing the largest real part of the

ALARGR=ELANDAR (1)

DO 44 I=2, M

IF ( ELANDAR(I) .GE. ALARGR)

ALARGR= ELANDAR(I)

ALARGI= ELANDAI (I)
ENDIF
CONTINUE

SR (K) =ALARGR
SI (K)=ALARGI
IF (K.GFE.2) THEN
DF=DABS (R(K) -R(K-1))
IF(DF .LT. TOL) GOTO 46
ENDIF
CONTINUE
RALY= R(K)
SEGMAR=SR (K)
SEGMAI=SI (K)

RETURN
END
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* %k

* kK Subroutine to construct the derivative matrix
* * %
SUBROUTINE DERIVE (N, D)
IMPLICIT DOUBLE PRECISION (A-H, O-Z)
PARAMETER (L=30)
DIMENSION D(L,L)
po 10 I=1,N
po 10 J=1,N
IF((J .GT. I) .AND. (MOD (J-I,2) .EQ. 1)) THEN
D(1I,J)=2.0D0 * DBLE (3-1)
ELSE
D(I,J)=0.0D0
ENDIF
10 CONTINUE

po 20 1=1,N
D(1,1)=0.5D0 * D(1,I)

20 CONTINUE
RETURN
END
* k k
*okk Subroutine to multiply two matrices

* k %k

SUBROUTINE PROD (N,A,B,C)
IMPLICIT DOUBLE PRECISION (A-H, 0-2)
PARAMETER (L=30)
DIMENSION A(L,L), B(L,L), C(L,L)
Do 20 I=1,N
DO 20 J=1,N
Cc(1,J)=0.0D0
Do 10 M=1,N
C(I,J)=C(I,J)+A(I,M) * B(M,J)

10 CONTINUE
20 CONTINUE
RETURN
END

132



* % %k
* % %k
* % %
* k%
* % %k
* % %
* % %
* % %
* % %k
* % %k
* % %k
* % %
* % %
* % %
* % %k
* % %
* % %k
* % %k
* % %
* % %k
* % %k
* % %k
* kK
* % %
* k%
* % %
* %k
* % %k
* % %
* % Kk

* k k

* k k
* %k

* %k

* k%
* k%

* k k

Appendix (1I)

LS

PROGRAM P2

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
This Program solves the Benard-Porous Problem in the

presence of both magnetic field and Coriolis forces using
approximation of Chebyshev polynomials.

A nag routine FO02BJF is used to fined the require eigenvalue.
The golden section technique is used to minimize the Rayleigh
number over the wave number.

The fluid layer is heated from below and the boundaries are

free (Linear relationship between the magnetic field and the
magnetic induction) .

i.e. W=D2W=0 on z=0,1
A, B . The upper and lower bound of the
. wave number.
RALY1l, RALY2 : The upper and lower bound of the
. critical Rayleigh number.
Q . Chandrasekhar number.
N1l . (1/N) Inverse of the non-dimensional
permeability.
PR . Viscous Prandtle number.
PM : Magnetic prandtle number.
Wave . The wave number.
RALY : The critical Rayleigh number.
SEGMAR . The real part of the eigenvalue.
SEGMAI . The imaginary part of the eigenvalue.

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

IMPLICIT DOUBLE PRECISION (A-H, 0-2)
REAL N1

COMMON RALY1,RALYZ, TOL, Q, N1,T, PR, PM
OPEN (8, FILE='C:\WORK\RESULT‘ )

Reading the data

WRITE(*, *)'A, B, RALY1l, RALYZ, Q, N1, T, PR, PM =!
READ*, A, B, RALYI, RALY2, Q, N1, T, PR, PM

WRITE(8,100) Q, Nl
WRITE (8, 200) PR, PM

Using the golden section method

TOL= 10.0DO** (-8)

RG 0.5D0* (DSQRT(5.0DO)—1.0D0)

M DABS (DLOG(TOL/(B—A))/DLOG(RG))
X1 = A+ RG * (B-A)

il
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20
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200
300
400
500

* * k
* k *
* Kk k
* k *

CALL CHEBY (X1, RI1, SEGMAR1, SEGMAIL)
X2 = A + RG **2 * (B-A)
CALIL CHEBY (X2, RZ, SEGMAR2, SEGMAI2)

Do 10 I=1, M
IF(R1.GT.R2) THEN

B = X1
X1= X2
R1= R2

X2 = A+ RG **2 *(B-A)

CALL CHEBY (X2, RZ, SEGMAR2, SEGMAIZ)

ELSE
A = X2
X2= X1
R2= R1

X1= A+ RG * (B-A)

CALL CHEBY (X1, R1, SEGMAR1, SEGMAIL)
ENDIF
R12= DABS (R1-R2)
IF (R12 .LT. TOL) GOTO 20

CONTINUE

WAVE = (X1 + ¥2)/2.0D0
CALL CHEBY (WAVE, RALY, SEGMAR, SEGMATI)

PRINT*, 'THE WAVE NUMBER="', WAVE
WRITE (8, 300) WAVE
PRINT*, 'THE CRITICAL RAYLIEGH NUMBER ="', RALY

WRITE (8, 400) RALY

PRINT*, ' THE REAL PART OF EIGENVALUE="', SEGMAR

PRINT*, ' THE IMAGINARY PART OF THE EIGENVALUE=', SEGMAI
WRITE (8, 500) SEGMAR, SEGMAT

FORMAT (//6X%, '0=',F16.5, 4%, 'N=',F18.9)
FORMAT (//6X, 'PR=", F8.4, 4X, 'PM=', F8.4)

FORMAT (//6X, 'A=', F12.5)

FORMAT (//6X, 'R=', F19.6 )

FORMAT (//6X, 'SEGMAR=', F19.5, ' SEGMAI=', F19.5)
STOP

END

subroutine to solve the eigenvalue problem (AX=SEGMA BX)
using the nag routine FO02BJF

SUBROUTINE CHEBY (X, RALY, SEGMAR, SEGMAT)

IMPLICIT DOUBLE PRECISION (A-H, 0-2)
PARAMETER (N=20, 1,1=30, L=6*L1l)
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DIMENSION A(L,L), B(L,L), 7z(L,L), XI(Ll,Ll), D(L1,L1),
p2(Ll,L1),V(L1,L1), VN(L1l,L1l), ALFR(L), ALFI(L),
BETA (L), ITER(L), R(100), SR{(L), SI(L),ELANDAR(L),
ELANDAI (L)

REAL N1

COMMON RALY1, RALY2, TOL, Q, N1,T, PR, PM
LOGICAL MATZ

EXTERNAL FO2BJF

A2 = (X/2.0D0)**2
R(1) =RALYl
)

R(2)= RALY2
N2 = 2*N
N3 = 3*N
N4 = 4*N
N5 = 5*N
N6 = 6*N
* % %
* ok x The identity matrix
* * %
po 2 I=1, N
po 1 J=1, N
IF(J .EQ. I)THEN
XI(I1,J)=1.0D0
ELSE
XI(I,J)=0.0DO0
ENDIF
1 CONTINUE
2 CONTINUE

* % %

*kx Calling subroutines to construct the derivative matrix (D)

* %k and the second derivative (D2)

* %k %

CALL DERIVE (N, D)
CALL PROD (N,D,D,D2)

DO 4 I=1, N
Do 3 J=1, N
V(I,Jd)= 4.0D0 * (D2 (I,J)-A2 * XI(I,J))
3 CONTINUE
4 CONTINUE

DO 6 I=1, N
po 5 J=1, N
VN(I,J)=V(I,J)-N1l * XI(I,J)
5 CONTINUE
6 CONTINUE

DO 47 K=1, 100

IF (K.GT.2)THEN

R(K)=(R(K-2) * SR(K-1) - R(K-1)* SR(K—Z))/(SR(K—l)—SR(K—Z))
ENDIF
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* )k
* k *
* * *k
* k%
* k k

* )k

10
11

* kK%
* * Kk

* kK

12

13
14

* % *
* k Kk

* kK

15

16
17

RA2= (DSQRT(R(K)) * X * ¥X) * (-1.0D0)

DO 8 I=1, N6
po 7 J=1, N6
A(I,J)=0.0D0
B(I,J)=0.0DO
CONTINUE
CONTINUE

Building the square matrices A & B

Enter the elements All and B1ll with the boundary conditions

po 9 1I=1,N :
A(l,I)= 2.0D0 * DBLE( (I-1)**2)
A(2,I)=(2.0D0 * DBLE((I—l)**2))*(—l.ODO)**(I)
CONTINUE
po 11 I=3, N
po 10 J=1,N
A(I,J)=VN(I-2
B(I,J)=XI(I-2
CONTINUE
CONTINUE

;' J
J

4

Enter the elements A22 and B22 with the boundary conditions

po 12 I=1,N
A(N+1,I+N)= 1.0D0
A(N+2,I+N)=(—1.0DO)**(I—l)
CONTINUE

DO 14 I=N+3, N2
DO 13 J=N+1, N2
A(I,J)=V(I—N—2,J—N)
B(I,J)=PM * XI(I-N-2,J-N)
CONTINUE
CONTINUE

Enter the elements A33 and B33 with the boundary conditions

DO 15 I=1,N
A(N2+1,I+N2)=l.ODO
A(N2+2,I+N2)=(—1.0DO)**(I—l)

CONTINUE

DO 17 I=N2+3, N3
DO 16 J=N2+1, N3
A(I,J)=VN(I—N2—2,J—N2)
B(I,J)= XI(I-N2-2,J-N2)
CONT INUE
CONTINUE
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* k%
* k%

* * *

18

19
20

* * *
* * *

* * *

21
22

* k%
* k%

* k%

23
24

* k%
* k%

* Kk *

25
26

* * *
* * *

* * *

27
28

Enter the elements Add and B44 with the boundary conditions

Do 18 I=1, N
A(N3+1,N3+I)= 2.0D0 * DBLE((I-1)**2)
A(N3+2,N3+I)=(2.0DO * DBLE ((I-1)**2)) * (-1.0D0) ** (1)
CONTINUE
DO 20 I=N3+3, N4
DO 19 J=N3+1, N4
A(I,J)=V(I—N3—2,J—N3)
B(I,J)=PM * XTI (I-N3-2,J-N3)
CONTINUE
CONTINUE

Enter the elements A55 and B55 with the boundary conditions

DO 22 I=N4+3, N5
DO 21 J=N4+1,N5
A(N4+1,J)= 1.0D0
A(N4+2,J)=(—1.0DO)**(J—N4—1)

A(I,J) =V(I-N4-2,J-N4)
B(I,J) =PR * XI(I-N4-2,J-N4)
CONTINUE
CONTINUE

Enter the element A66 with the boundary conditions

DO 24 I=N5+3, N6
DO 23 J=N5+1, N6
A(N5+1,J)=1.0D0
A(N5+2,J)=(—l.ODO)**(J—N5—l)
A(I,J) =V (I-N5-2,J-N5)
CONTINUE
CONTINUE

Enter the element B34

DO 26 I=N2+3, N3
DO 25 J=N3+1, N4
B(I,J)= (-2.0D0) * PM * D(I-N2-2,J-N3)
CONTINUE

CONTINUE

Enter the element Al2

DO 28 I=3, N
Do 27 J=N+1, N2
A(I,J)=2.0DO0 * D(I-2,J-N)
CONTINUE

CONTINUE
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* % X%
* % %

* % %

29
30

* % %
* % %

* % %

31
32

* k%
* k%

* % X%

33
34

* % %
* % %

* % %

35
36

* % X%
* % %
* % X%

37
38

* % X%
* % %

* Kk Kx

39
40

Enter the element Ale

Do 30 I=3, N
DO 29 J=N5+1,

N6

A(I,J)=2.0D0 * DSQRT (T) * D(I-2, J-N5)

CONTINUE
CONT INUE

Fnter the element Azl

DO 32 I=N+3, N2
DO 31 J=1, N

A(I,J)= 2.0D0 * Q * D(I-N-2,J)

CONTINUE
CONTINUE

Enter the element A3l

DO 34 I=N2+3, N3
DO 33 J=1, N
A(I,J)=(-2.0D
CONTINUE

CONTINUE

0)

* DSQRT (T)

Enter the element A35

DO 36 I=N2+3, N3
DO 35 J=N4+1,

N5

* D(I-N2-2,J)

A(I,J)= RAZ * XTI (I-N2-2,J-N4)

CONT INUE
CONTINUE

Enter the element A36

DO 38 I=N2+3, N3
DO 37 J=N5+1,

N6

A(I,J)= (-4.0D0) * Q * D2 (I-N2-2,J-N5)

CONTINUE
CONTINUE

Enter the element D46

DO 40 I=N3+3, N4
DO 39 J=N5+1,

N6

A(I,J)= 2.0D0 * Q * D(I-N3-2,J-N5)

CONTINUE
CONT INUE
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* * *
* % *

* % *

41
42

* % %
* % %
* % %k

43
44

* % %
* % %

* k%

45

* k%
* kK%
* kK%

46

47
48

Enter the element A56

DO 42 I=N4+3, N5
DO 41 J=N5+1, N6

A(I,J)=DSQRT (R(K)) * XI(I-N4-2,J-N5)

CONTINUE
CONTINUE

Enter the element AG3

DO 44 I=N5+3, N6
DO 43 J=N2+1, N3

A(I,J)=(-1.0D0) * XI(I-N5-2,J-N2)

CONTINUE
CONTINUE

MATZ = .FALSE.
EPS1 =(10.0D0)** (-15)
IFAIL= O

Calling nag routine to solve the eigenvalue problem

CALL FOZBJF(N6,A,L,B,L,EPSl,ALFR,ALFI,BETA,MATZ,Z,L,ITER,IFAIL)

M=0
DO 45 I=1, N6
IF (BETA(I) .NE. 0.0DO0)
M=M+1

ELANDAR(M)=ALFR(I)/BETA(I)
ELANDAI(M)=ALFI(I)/BETA(I)

ENDIF
CONTINUE

THEN

Choosing the largest real part of t

ALARGR=ELANDAR (1)

DO 46 I=2, M

IF ( ELANDAR(I) .GE. ALARGR)

ALARGR= ELANDAR(I)

ALARGI= ELANDAI (I)
ENDIF
CONTINUE

SR (K) =ALARGR
ST (K)=ALARGI
IF (K.GE.2) THEN
DF=DABS (R (K) =R (K-1))
IF(DF .LT. TOL) GOTO 48
ENDIF
CONTINUE
RALY= R(K)
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SEGMAR=SR (K)
SEGMAI=SI (K) h
RETURN

END

* k%

* kK Subroutine to construct the derivative matrix
* %k
SUBROUTINE DERIVE (N, D)
IMPLICIT DOUBLE PRECISION (A-H, 0-2)
PARAMETER (L=30)
DIMENSION D(L,L)
po 10 1=1,N
po 10 J=1,N
IF((J .GT. I) .AND. (MOD (J-I,2) .EQ. 1)) THEN
D(I,J)=2.0D0 * DBLE (J-1)
ELSE
D(I,J)=0.0DO0
ENDIF
10 CONTINUE
DO 20 I=1,N
D(1,1)=0.5D0 * D(1,I)

20 CONTINUE
RETURN
END
* k%
* Kk Subroutine to multiply two matrices

* * %

SUBROUTINE PROD (N,A,B,C)
IMPLICIT DOUBLE PRECISION (A-H, 0-2)
PARAMETER (L=30)
DIMENSION A(L, L), B(L,L), C(L,L)
po 20 I=1,N
Do 20 J=1,N
C(I,J)=0.0D0
DO 10 M=1,N
C(I,J)=C(I,J)+A(I,M) * B(M,J)

10 CONTINUE
20 CONTINUE
RETURN
END
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* % %
* * %
* * %
* * *
* * %
* * *
* * *
* % *
* % %
* * %
* * *
* % *
* % %
* * *
* % %
* * *
* * *
* * *
* % *
* * *
* % %
* * *
* * *
* * *
* * *
* * %
* * *
* % %
* % *
* * *
* * *

* % %
* % %
* * *

* % *
* kK

* k%

Appendix (I1I)

AN

PROGRAM P3

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
This Program solves the Benard-Porous Problem in the

presence of both magnetic field and Coriolis forces using
approximation of Chebyshev polynomials.

A nag routine FO2BJF is used to fined the required eigenvalue.
The golden section technique is used to minimize the Rayleigh
number over the wave number.

The fluid layer is heated from below and the boundaries are

rigid (Linear relationship between the magnetic field and the
magnetic induction) .

i.e. W=DW=0 on z=0,1
A, B : The upper and lower bound of the
wave number.

RALY1l, RALY2 : The upper and lower bound of the
critical Rayleigh number.

Q . Chandrasekhar number.

N1 : (1/N) Inverse of the non-dimensional
: permeability.

PR . Viscous Prandtle number.

PM : Magnetic Prandtle number.

Wave : The wave number.

RALY . The critical Rayleigh number.

SEGMAR . The real part of the eigenvalue.

SEGMAI . The imaginary part of the eigenvalue.

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

IMPLICIT DOUBLE PRECISION (A-H, 0-2)
REAL N1

COMMON RALY1,RALY2, TOL, Q, N1,T, PR, PM
OPEN (8, FILE='C:\WORK\RESULT' )

Reading the data

WRITE (*, *)'A, B, RALY1, RALY2, Q, N1, T, PR, PM ='
READ*, A, B, RALYI, RALY2, Q, N1, T, PR, EM

WRITE(8,100) Q, N1
WRITE (8, 200) PR, PM

Using the golden section method

TOL= 10.0DO** (-8)

RG = 0.5D0* (DSQRT (5.0D0)-1.0D0)

M DABS (DLOG (TOL/ (B-A)) /DLOG (RG))
X1 = A+ RG * (B-A)

I
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10

20

100
200
300
400
500

* %k
* %k
* % *

* *k *

CALL CHEBY (X1, R1, SEGMAR1, SEGMATI1)

X2 =

A + RG **2 *

(B-A)

CALL CHEBY (X2, RZ, SEGMAR2, SEGMAIZ)

DO 10 I=1, M

IF(R1.GT.R2)
B = X1
X1= X2
R1= RZ
X2 =

THEN

A+ RG **2 *(B-A)

CALL CHEBY (X2, RZ, SEGMAR2, SEGMAIZ)

ELSE
A = X2
X2= X1
R2= R1
X1= A+ RG * (B-R)
CcALL CHEBY (X1, RI1, SEGMAR1, SEGMAIL)
ENDIF
R12= DABS (R1-R2)
IF (R12 .LT. TOL) GOTO 20
CONTINUE
WAVE = (X1 + X2)/2.0D0
CALL CHEBY (WAVE, RALY, SEGMAR, SEGMAI)

PRINT*,

WRITE (8, 300)
PRINT*,

WRITE (8, 400)
PRINT*, ' THE
PRINT*, ' THE
WRITE (8, 500)
FORMAT (//6X,
FORMAT (//6X%,
FORMAT (//6X,
FORMAT (//6X%,
FORMAT (//6X,
STOP

END

Subroutine to
using the nag

SUBROUTINE CHEBY (X, RALY,
IMPLICIT DOUBLE PRECISION (A-H,
PARAMETER (N=20, L1=30,

"THE CRITICAL RAY

WAVE

RALY

LIEGH NUMBER ="',

"THE WAVE NUMBER=', WAVE

RALY

REAL PART OF EIGENVALUE="', SEGMAR

IMAGINARY PART OF THE EIGENVALUE=",

SEGMAR, SEGMAI
'Q="',F16.5,

'"PR=', F8.4,
'A=', F12.5)
‘R=', F19.6 )
'SEGMAR="',

4%,
4%,

F19.5, '

SEGMAT

"N=',F18.9)
'pM=', F8.4)

SEGMAI=', F19.5)

solve the eigenvalue problem (AX=SEGMA BX)

routine FO02BJF
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DIMENSION A(L,L), B(L,L), 7z (L,L), XI(L1,Ll), D(L1,L1),

p2(L1l,L1),V(L1,L1), VN(L1,L1), ALFR(L), ALFI (L),
* “*  BETA(L),ITER(L), R(100), SR(L), SI (L), ELANDAR (L),
* ELANDATI (L)

REAL N1

COMMON RALY1, RALYZ, TOL, Q, Ni,T, PR, PM
LOGICAL MATZ

EXTERNAL FOZBJF

A2 = (X/2.0D0)**2
R(1) =RALY1
R(2)= RALYZ

N2 = 2*N
N3 = 3*N
N4 = 4*N
N5 = 5*N
N6 = 6*N

* % %
* Kk The identity matrix
* * %
DO 2 I=1, N
po 1 J=1, N
IF(J .EQ. I)THEN
XI(I,J)=1.0D0

ELSE
XI(I,J)=0.0D0
~ ENDIF
1 CONTINUE
2 CONTINUE

* %k %

Bl Ccalling subroutines to construct the derivative matrix (D)

fallald and the second derivative (D2)
* * *

CALL DERIVE (N, D)

CALL PROD (N,D,D,D2)

DO 4 I=1, N
po 3 J=1, N
v(I,J)= 4.0D0 * (D2(I,J)-A2 * XI(I,J))
3 CONTINUE
4 CONTINUE

Do 6 I=1, N
po 5 J=1, N
VN(I,J)=V(I,J)-N1 * XI(I,J)
CONTINUE

6 CONTINUE

€3]

DO 47 K=1, 100

IF (K.GT.2)THEN

R(K)=(R(K-2) * SR(K-1) - R(K-1)* SR(K—Z))/(SR(K—l)—SR(K—Z))
ENDIF
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* * *
* % k%
* % Kk
* % %
* % %
* * *

10
11

* * %k
* % %k

* x *

12

13
14

* k *
* * %k
* * %

15

16
17

RA2= (DSQRT (R(K)) * X * X) * (-1.0D0)

DO 8 I=1, Nb
Do 7 J=1, N6
A(I,J)=0.0D0
B(I,J)=0.0D0
CONTINUE
CONTINUE

Building the square matrices A & B

Enter the elements All and Bll with the boundary conditions

po 9 1=1,N
A(1,I)= 1.0D0
A(2,I)=(—l.ODO)**(I—1)
CONTINUE
DO 11 I=3, N
DO 10 J=1,N
A(I,J)=VN(I-2
B(I,J)=XI(I-2
CONTINUE
CONTINUE

+J)
+J)

Enter the elements A22 and B22 with the boundary conditions

po 12 1=1,N
A(N+1,I+N)= 2.0DO0 * DBLE ((I-1)**2
A(N+2,I+N)=(2.0D0 * DBLE((I—l)**2))*(—l.ODO)**(I)
CONTINUE

DO 14 I=N+3, N2
DO 13 J=N+1, N2
A(I,J)=V(I—N—2,J—N)
B(I,J)=PM * XI (I-N-2,J-N)
CONTINUE
CONTINUE

Enter the elements £33 and B33

po 15 I=1,N
A(N2+l,I+N2)=0.0DO
A(N2+2,I+N2)=0.0DO
CONTINUE

DO 17 I=N2+3, N3
DO 16 J=N2+1, N3
A(I,J)=VN(I—N2—2,J—N2)
B(I,J)= XI(I-N2-2,J-N2)
CONTINUE
CONTINUE
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* k%
* k%
* k%

18

19
20

* k%
* % *

* %k

21
22

* k%
* k%

* k%

23
24

* k%
* % %

* * *

25
26

* %k
* %k

* k *

217
28

.

DO 18 I=1, N

Enter the elements A44 and B44 with the boundary conditions

A(N3+1,N3+I)= 1.0D0
A(N3+2,N3+I)=(—1.0DO)**(I-l)

CONTINUE
DO 20 I=N3+3,

N4

DO 19 J=N3+1,
A(I,J)=V(I—N3—2,J—N3)
B(I,J)=PM * XTI (I-N3-2,J-N3)

CONTINUE
CONTINUE

N4

Enter the elements A55 and B55 with the boundary conditions

DO 22 I=N4+3, N5
DO 21 J=N4+1,N5
A(N4+1,J)= 1.0DO
A(N4+2,J)=(—1.0DO)**(J—N4—1)

A(I,J) =V (I-N4-2,J-N4)
B(I,J) PR * XI(I-N4-2,J-N4)
CONTINUE
CONTINUE

Enter the element A66 with the boundary conditions

DO 24 I=N5+3, N6

DO 23 J=Nb5+1,

N6

A(N5+1,J)=1.0D0
A(N5+2,J)=(—1.0DO)**(J—N5—1)
A(I,J) =V (I-N5-2,J-N5)

CONTINUE
CONTINUE

Enter the element B34

DO 26 I=N2+3, N3

DO 25 J=N3+1,

N4

B(I,J)= (-2.0D0)

CONTINUE
CONTINUE

Enter the element AlZ2

Do 28 I=3, N
DO 27 J=N+1,

N2

* pM * D(I-N2-2,J-N3)

A(I,J)=2.0D0 * D(I-2,J-N)

CONTINUE
CONTINUE
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* %k k
* kK

* k%

29
30

* kK
* kK
* kK

31
32

* Kk ok
* kK

* kK

33
34

* Kk ok
* kK

* kK

35
36

* kK
* kK

* kK

37
38

* kK
* kK

* kK

39
40

Enter the element Al6

DO 30 I=3, N
DO 29 J=N5+1,

N6

A(I,J)=2.0D0 * DSQRT (T) * D(I-2, J-N5)

CONTINUE
CONTINUE

Fnter the element AZl

DO 32 I=N+3, N2
DO 31 J=1, N

A(I,J)= 2.0D0 * Q * D(I-N-2,J)

CONTINUE
CONTINUE

Enter the element A3l

DO 34 I=N2+3, N3
DO 33 J=1, N
A(I,J)=(-2.0D
CONTINUE

CONTINUE

0)

* DSQRT(T) * D(I-N2-2,J)

Enter the element A35

DO 36 I=N2+3, N3
DO 35 J=N4+1,

N5

A(I,J)= RAZ * XI (I-N2-2,J-N4)

CONTINUE
CONTINUE

Enter the element A3

DO 38 I=N2+3, N3
DO 37 J=N5+1,

A(N2+1,J)= 2.0D0 * DBLE
A(N2+2,J0)=(2.0D0 * DBLE

N6

A(I,J)= (-4.0D0)

CONTINUE
CONTINUE

6 with the boundary conditions

*Q*

Enter the element Ado

DO 40 I=N3+3, N4
DO 39 J=N5+1,

N6

((I-1)**2)
((I-1)**2))*(=1.0D0)**(I)
D2 (I-N2-2,J-N5)

A(I,J)= 2.0D0 * Q * D(I-N3-2,J-N5)

CONTINUE
CONTINUE
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* k%
* k%

* % Kk

41
42

* k%
* %k

* % Kk

43
44

* k%
* %k
* k%

45

* %k
* k%

* %k

46

47
48

Enter the element A56

DO 42 I=N4+3, N5
DO 41 J=N5+1, N6

A(I,J)=DSQRT (R(K)) * XI (I-N4-2,J-N5)

CONTINUE

CONTINUE

Enter the element A63

DO 44 I=N5+3, N6
DO 43 J=N2+1, N3
A(I,J)=(-1.0D0)
CONTINUE

CONTINUE

MATZ = .FALSE.
EPS1 =(10.0D0)**(-15)

IFAIL= O

* XI(I-N5-2,J-N2)

Calling nag routine to solve the eigenvalue problem

CALL FOZBJF(N6,A,L,B,L,EPSl,ALFR,ALFI,BETA,MATZ,Z,L,ITER,IFAIL)

M=0

DO 45 I=1, N6
IF (BETA(I) .NE.
M=M+1

ELANDAR(M)=ALFR(I)/BETA(I)
ELANDAI(M)=ALFI(I)/BETA(I)

ENDIF
CONTINUE

Choosing the largest real part of the eig

ALARGR=ELANDAR (1)

DO 46 I=2, M
IF ( ELANDAR(I)
ALARGR= ELANDAR(I)
ALARGI= ELANDAI (I)

ENDIF
CONTINUE

SR (K) =ALARGR
ST (K) =ALARGI

IF (K.GE

.2) THEN

0.0DO0)

.GE. ALARGR) THEN

DF=DABS (R (K) -R(K-1))

IF(DF

ENDIF
CONTINUE
RALY= R(K)

.LT. TOL)

GOTO 48

THEN
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SEGMAR=SR (K)
SEGMAI=SI (K)

RETURN
END

* % %

*HK Subroutine to construct the derivative matrix
* * %k
SUBROUTINE DERIVE (N, D)
IMPLICIT DOUBLE PRECISION (A-H, 0-Z)
PARAMETER (L=30)
DIMENSION D(L,L)
po 10 I=1,N
DO 10 J=1,N
IF((J .GT. I) .AND. (MOD(J-I,2) .EQ. 1)) THEN
D(I,J)=2.0D0 * DBLE (J-1)
ELSE
D(I,J)=0.0D0
ENDIF
10 CONTINUE
DO 20 I=1,N
D(1,I)=0.5D0 * D(1,I)

20 CONTINUE
RETURN
END
* k%
*xk Subroutine to multiply two matrices

* k Kk

SUBROUTINE PROD (N,A,B,C)
IMPLICIT DOUBLE PRECISION (A-H, 0-2)
PARAMETER (L=30)
DIMENSION A(L,L), B(L,L), C(L,L)
Do 20 I=1,N
DO 20 J=1,N
c(1,J)=0.0DO0
DO 10 M=1,N
C(1,J)=C(I,J)+A(I,M) * B(M,J)

10 CONTINUE
20 CONTINUE
RETURN
END
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* %k %
* * *
* * *
* * %
* * %
* % %
* %k %
* k%
* % %
* * *
* * %
* % %
* * %
* * %
* * %
* * %
* k%
* % %
* k%
* % %
* Kk ok
* * *
* % %
* Kk k
* k%
* k k
* % %
* k%
* Kk
* * %
* Kk ok
* Kk

* k%

* %k k
* % %
* % %

* % %
* * %
* * %

Appendix (IV)

PROGRAM P4

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
This Program solves the Benard-Porous Problem in the

presence of both magnetic field and Coriolis forces using
approximation of Chebyshev polynomials.

A nag routine FO02BJF is used to fined the required eigenvalue.
The golden section technique is used to minimize the Rayleigh
number over the wave number.

The fluid layer is heated from below and the boundaries are

free (Non-linear relationship between the magnetic field and the
magnetic induction)

i.e. W=D2W=0 on z=0,1
A, B . The upper and lower bound of the
: wave number.
RALY1, RALY2 : The upper and lower bound of the
. critical Rayleigh number.
Q . Chandrasekhar number.
N1 . (1/N) Inverse of the non-dimensional
: permeability.
PR . Viscous Prandtle number.
PM : Magnetic Prandtle number.
EPSLON . Non-dimensional parameter which measure the
strength of non-linearity.
Wave : The wave number.
RALY . The critical Rayleigh number.
SEGMAR : The real part of the eigenvalue.
SEGMAI . The imaginary part of the eigenvalue.

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

IMPLICIT DOUBLE PRECISION (A-H, 0-2)
REAL N1

COMMON RALY1l, RALY2, TOL, Q, N1, T, PR, PM, EPSLON
OPEN (8, FILE='C:\WORK\RESULT')

Reading the data

WRITE(*, *)'A, B, RALYI, RALY2, Q, N1, T, PR, PM, EPSLON ='
READ*, A, B, RALY1, RALY2, Q, N1, T, PR, PM, EPSLON

WRITE (8,100) T, EPSLON

WRITE(8,200) Q, N1

WRITE (8,300) PR, PM

Using the golden section method
TQL= 10.0DO** (-8)

RG = 0.5D0* (DSQRT (5.0D0) -1.0D0)
M = DABS (DLOG(TOL/(B—A))/DLOG(RG))
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10

20

100
200
300
400
500
600
700

* % %
* % %
* *

* % %

X1 = A+ RG * (B-A)
CALL CHEBY (X1, R1l, SEGMARI, SEGMAIL)
X2 = A + RG **2 * (B-A)
CALL CHEBY (X2, R2, SEGMARZ, SEGMAIZ2)
DO 10 I=1, M
IF(R1.GT.R2) THEN
B = X1
X1= X2
R1= R2
X2 = A+ RG **2 *(B-A)
CALL CHEBY (X2, R2, SEGMARZ, SEGMAI2)
ELSE
A = X2
X2= X1
R2= R1
X1= A+ RG * (B-A)
CALL CHEBY (X1, R1l, SEGMARI, SEGMATI1)
ENDIF
R12= DABS(R1-R2)
IF (R12 .LT. TOL) GOTO 20
CONTINUE
WAVE = (X1 + X2)/2.0D0

CALL CHEBY (WAVE, RALY, SEGMAR, SEGMATI)

WRITE (8,400) WAVE

WRITE (8,500)'THE CRITICAL RAYLIEGH NUMBER =', RALY
WRITE (8,600) SEGMAR

WRITE (8,700) SEGMAI

FORMAT (//6%X, 'T=', Fl6.5, 4X, 'EPSLON=', F8.4)
FORMAT (//6%X, 'Q=', F18.7, 4¥X, 'N=', F18.9)
FORMAT (//6%, 'PR=', F8.4, 4X, 'PM=', F8.4)
FORMAT (//6X, 'A=', F12.5)

FORMAT (//6%X, 'R=', F19.6 )

FORMAT (//6X, 'SEGMAR=', F19.5)

FORMAT (//6X, 'SEGMAI=', F19.5)

STOP

END

Subroutine to
using the nag

solve the eigenvalue problem
routine FO02BJF

(AX=SEGMA BX)

SUBROUTINE CHEBY (X, RALY, SEGMAR, SEGMATI)
IMPLICIT DOUBLE PRECISION (A-H, 0-2)
PARAMETER (N=20, L1=30, L=6*L1)
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* k%
* % %k

* % %

* % %
* k%
* k%
* %k

* % %k
* % %
* % *

* % %

w

*

DIMENSION A(L,L), B(L,L),

BETA (L), ITER (L),
ELANDAT (L)

REAL N1

COMMON RALY1, RALYZ, TOL,
LOGICAL MATZ

EXTERNAL FO2BJF

A2 = (X/2.0D0)**2
EA2= (X**2) * EPSLON
R(1) =RALY1

R(2)= RALYZ2

N2 = 2*N

N3 = 3*N

N4 = 4*N

N5 = 5*N

N6 = 6*N

The identity matrix

DO 2 I=1, N
Do 1 J=1, N
IF(J .EQ. I)THEN

1(I,J)=1.0D0

ELSE

XI(I,J)=0.0D0

ENDIF
CONTINUE
CONTINUE

Calling subroutines to

the second derivative (D2)

CALL DERIVE (N, D)
CcALL PROD (N,D,D,D2)

Z(L,L),

R(100),

XI(Li,Li), D(L1i,L1),
p2(L1,Ll),Vv(L1,L1), VN(L1,L1), ALFR(L), ALFI (L),

SR(L),

SI(L),ELANDAR(L),

Q, N1, T, PR, PM, EPSLON

find the derivative matrix (D) and

Building the matrices A and B and applying the boundary
conditions

Do 4 I=1, N
DO 3 J=1, N

V(I,J)= 4.0D0 * (D2 (I,J)-A2 * XI(I,J))

CONTINUE
CONTINUE

DO 6 I=1, N
DO 5 J=1, N
VN(I,J)=V(I,J)-N1 * XI(I,J)
CONTINUE

CONTINUE
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8

* kK
* kK

* % %

10
11

* kK
* kK

* kK

12

13
14

* k Kk
* % %

* %k &

15

le
17

DO 47 K=1, 100
IF (K.GT.Z2)THEN

R(K)=(R(K-2) * SR(K-1) - R(K-1)* SR(K-2))/(SR(K-1)

ENDIF

RA2= (DSQRT(R(K)) * X * X) * (-1.0D0)

DO 8 I=1,
DO 7 J=1, N6
A(I,J)=0.0DO0
B(I,J)=0.0DO
CONTINUE

CONTINUE

Writing the elements All and B11

DO 9 I=1,N
A(l,I)= 2.0D0 * DBLE((I-1)**2)

A(2,I)=(2.0D0 * DBLE ( (I-1)**2))*(-1.0D0)**

CONTINUE
DO 11 I=3, N
DO 10 J= 1 N
N (I
I(I

A(I,J)= 2,J)
B(I,J)= 2,J)
CONTINUE

CONTINUE

Writing the elements A22 and B22

DO 12 I=1,N
A(N+1,I+N)= 1.0DO
A(N+2,I+N)=(-1.0D0)**(I-1)
CONTINUE

DO 14 I=N+3, N2
DO 13 J=N+1, N2
A(I,J)=V(I-N-2,J-N)
B(I,J)=PM * XI(I-N-2,J-N)
CONTINUE
CONTINUE

Writing the elements A33 and B33

DO 15 I=1,N
A(N2+1,I+N2)=1.
A(N2+2,I+N2)=(-

CONTINUE

0DO
1.0D0) ** (I-1)

DO 17 I=N2+3, N3
DO 16 J=N2+1, N3
A(I,J)=VN(I-N2-2,J-N2)
B(I,J)= XI(I-N2-2,J-N2)
CONTINUE
CONTINUE
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* % %

* k% Writing the elements A44 and B44

* k%

. DO 18 I=1, N
A(N3+1,N3+I)= 2.0DO0 * DBLE ( (I-1)**2)
A(N3+2,N3+I)=(2.0D0 * DBLE ((I-1)**2)) * (-1.0D0)**(I)
18 CONTINUE
DO 20 I=N3+3, N4
DO 19 J=N3+1, N4
A(I,J)=V(I-N3-2,J-N3)-(ERZ * XI(I-N3-2, J-N3))
B(I,J)=PM * XI(I-N3-2,J-N3)
19 CONTINUE
20 CONTINUE

* %k Kk

* ok x Writing the elements A55 and B55

* %k Kk

DO 22 I=N4+3, N5
DO 21 J=N4+1,N5
A(N4+1,J)= 1.0DO
A(N4+2,J)=(-1.0D0) ** (J-N4-1)

A(I,J) =V (I-N4-2,J-N4)
B(I,J) =PR * XI(I-N4-2,J-N4)
21 CONTINUE
22 CONTINUE

* %k Kk

* kK Writing the element A66
* % x
DO 24 I=N5+3, NO6
DO 23 J=N5+1, N6
A(N5+1,J)=1.0D0
A(N5+2,J)=(-1.0D0)** (J-N5-1)

D(I,J) =V (I-N5-2,J-Nb)
23 CONTINUE
24 CONTINUE

* kK

**x*  Writing the element B34
* * Kk
DO 26 I=N2+3, N3
DO 25 J=N3+1, N4
B(I,J)= (-2.0D0) * PM * D(I-N2-2,J-N3)
25 CONTINUE
26 CONTINUE

* % *

* ok x Writing the element a1z
* * x
DO 28 I=3, N
DO 27 J=N+1, N2
A(I,J)=2.0D0 * D(I-2,J-N)
27 CONTINUE
28 CONTINUE

* % Kk

* ok ok Writing the element Al6

* %k Kk
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29
30

* k%
* k%

* %k

31
32

* k%
* % %k

* k k

33
34

* % *
* * %

* * *

35
36

* % *
* % *

* * *

37
38

* % *
* * %

* * %

39
40

* % %
* * *

* * *

41
42

DO 30 I=3, N
DO 29 J=N5+41, N6

A(I,J)=2.0D0 * DSQRT(T) * D(I-2, J-N5)

CONTINUE
CONTINUE

Writing the element AZ21

DO 32 I=N+3, N2
DO 31 J=1, N
A(I,J)= 2.0D0 * Q *
CONTINUE

CONTINUE

Writing the element A3l

DO 34 I=N2+3, N3
DO 33 J=1, N

D(I-N-2,J)

A(I,J)=(-2.0D0) * DSQRT(T) * D(I-N2-2,J)

CONTINUE
CONTINUE

Writing the element A35

DO 36 I=N2+3, N3
DO 35 J=N4+1, N5

A(I,J)= RA2 * XI(I-N2-2,J-N4)

CONTINUE
CONTINUE

Writing the element A36

DO 38 I=N2+3, N3
DO 37 J=N5+1, N6

A(I,J)= (-4.0D0) * Q * D2 (I-N2-2,J-N53)

CONTINUE
CONTINUE

Writing the element A4d6

DO 40 I=N3+3, N4
DO 39 J=N5+1, N6
A(I,J)= 2.0D0 * Q *
CONTINUE

CONTINUE

Writing the element A56

DO 42 I=N4+3, N5
DO 41 J=N5+1, N6
A(I,J)=DSQRT (R(K))
CONTINUE

CONTINUE

D(I-N3-2,J~N5)

* XI(I-N4-2,J-N5)
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* kX

* kX Writing the element A63
* k%
DO 44 I=N5+3, N6
DO 43 J=N2+1, N3

A(I,J)=(-1.0D0) * XI(I-N5-2,J-N2)
43 CONTINUE
44 CONTINUE
MATZ = .FALSE.
EPS1 = (10.0D0)**(-15)
IFAIL= O

* k k
* KK Calling nag routine to solve the eigenvalue problem
* % % .

CALL FOZBJF(N6,A,L,B,L,EPSl,ALFR,ALFI,BETA,MATZ,Z,L,ITER,IFAIL)

M=0
DO 45 I=1, N6
IF(BETA(I) .NE. 0.0DO) THEN
M=M+1
ELANDAR (M) =ALFR(I) /BETA(I)
ELANDAI (M) =ALFI (I) /BETA(I)
ENDIF
45 CONTINUE

* % X
* Kk K

Choosing the largest real part of the eigenvalue
* * %

ALARGR=ELANDAR (1)

DO 46 I=2, M
IF ( ELANDAR(I) .GE. ALARGR) THEN
ALARGR= ELANDAR(I)
ALARGI= ELANDAI (I)
ENDIF
46 CONTINUE

SR (K) =ALARGR
SI (K)=ALARGI
IF (K.GE.2) THEN
DF=DABS (R(K) -R(K-1))
IF(DF .LT. TOL) GOTO 48
ENDIF
47 CONTINUE
48 RALY= R(K)
SEGMAR=SR (K)
SEGMAI=SI (K)

RETURN
END

155



* % *

* Xk Subroutine to construct the d?rivative matrix
* %k .
SUBROUTINE DERIVE (N, D)
IMPLICIT DOUBLE PRECISION (A-H, 0-2)
PARAMETER (L=30)
DIMENSION D(L,L)
Do 10 1I=1,N
po 10 J=1,N
IF((J .GT. I) .AND. (MOD(J-I1,2) .EQ. 1)) THEN
D(I,J)=2.0D0 * DBLE (J-1)
ELSE
D(I,J)=0.0D0
ENDIF
10 CONTINUE
DO 20 I=1,N
D(1,I)=0.5D0 * D(1,I)

20 CONTINUE
RETURN
END
* k) *
* ok Subroutine to multiply two matrices

* * %

SUBROUTINE PROD (N,A,B,C)
TMPLICIT DOUBLE PRECISION (A-H, 0-2)
PARAMETER (L=30)
DIMENSION A(L,L), B(L,L), C(L,L)
Do 20 I=1,N
DO 20 J=1,N
C(I,J)=0.0D0
DO 10 M=1,N
C(I,J)=C(I,J)+A(I,M) * B (M, J)

10 CONTINUE
20 CONTINUE
RETURN
END
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Appendix (V)

PROGRAM P5

* * *

* Kk +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
* KKk This Program solves the Benard-Porous Problem in the

* ok x presence of both magnetic field and Coriolis forces using

* KK approximation of Chebyshev polynomials.

* KK A nag routine FO2BJF is used to fined the required eigenvalue.
* k% The golden section technique is used to minimize the Rayleigh
ol number over the wave number.

*E K The fluid layer is heated from below and the boundaries are

* K x rigid (Non-linear relationship between the magnetic field and
* Kk the magnetic induction)

* % *

* ok i.e. W=DW=0 on z=0,1

* k k -

* * *

* &Kk A, B : The upper and lower bound of the

*xx : wave nunmber.

* Kk Kk RALY1, RALY2 : The upper and lower bound of the

* ok k . critical Rayleigh number.

* Ak Q Chandrasekhar number.

* ok x N1 : (1/N) Inverse of the non-dimensional

* K% permeability.

* Ak PR . Viscous Prandtle number.

* K K PM : Magnetic Prandtle number.

* kK EPSLON . Non-dimensional parameter which measure the
*kk strength of non-linearity.

* kK Wave : The wave number.

* K x RALY . The critical Rayleigh number.

*ok K SEGMAR . The real part of the eigenvalue.

* ok ok SEGMAI . The imaginary part of the eigenvalue.

* %k

* kK +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
* * k

IMPLICIT DOUBLE PRECISION (A-H, 0-2)

REAL N1

COMMON RALY1l, RALY2, TOL, Q, N1, T, PR, PM, EPSLON

OPEN (8, FILE="'C:\WORK\RESULT")

* Kk

* oKk Reading the data

* * %
WRITE (*, *)'A, B, RALY1, RALY2, Q, N1, T, PR, PM, EPSLON ='
READ*, A, B, RALYI, RALY2, Q, N1, T, PR, PM, EPSLON
WRITE(8,100) T, EPSLON
WRITE(8,200) Q, N1
WRITE (8,300) PR, PM

* Kk

ol Using the golden section method
* k *

TOL= 10.0D0O** (-8)
RG = 0.5D0* (DSQRT(5.0D0)-1.0D0)
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=
Il

DABS (DLOG (TOL/ (B-A)) /DLOG (RG))

il

X1 A+ RG * (B-A)
CALL CHEBY (X1, R1, SEGMARI, SEGMAIL)

X2

A + RG **2 * (B-A)
CALL CHEBY (X2, R2, SEGMARZ, SEGMAIZ)

DO 10 I=1, M
IF(R1.GT.R2) THEN

B = X1
X1l= X2
R1l= R2

X2 = A+ RG **2 *(B-A)

CALL CHEBY (X2, R2, SEGMARZ, SEGMAIZ)

ELSE
A = X2
X2= X1
R2= R1

X1l= A+ RG * (B-A)
CALL CHEBY (X1, R1l, SEGMARI, SEGMAI1)
ENDIF
R12= DABS (R1-R2)
IF (R12 .LT. TOL) GOTO 20
10 CONTINUE

20 WAVE = (X1 + X2)/2.0D0
CALL CHEBY (WAVE, RALY, SEGMAR, SEGMATI)

WRITE (8,400) WAVE

WRITE (8,500)'THE CRITICAL RAYLIEGH NUMBER =', RALY
WRITE (8,600) SEGMAR

WRITE (8,700) SEGMAI

100 FORMAT (//6X, 'T=', F16.5
200 FORMAT (//6%X, 'Q=', F18.7
300 FORMAT (//6X, 'PR='", F8.4
.5
.6

( , 4X, 'EPSLON=', F8.4)
( p
(
400 FORMAT (//6X, 'A=', Fl2
(
(
(

4¥, 'N=', F18.9)
4X, 'PM=', F8.4)

—~

500 FORMAT (//6X, 'R=', FI19 )
600 FORMAT (//6X, 'SEGMAR=', F19.5)
700 FORMAT (//6X, 'SEGMAI=', F19.5)

STOP
END
* * %
* ok x subroutine to solve the eigenvalue problem (AX=SEGMA BX)
*x ok using the nag routine FO2BJF
* * *
SUBROUTINE CHEBY (X, RALY, SEGMAR, SEGMATI)
IMPLICIT DOUBLE PRECISION (A-H, O-7Z)
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PARAMETER (N=20, L1=30, L=6*Ll)

DIMENSION A(L,L), B(L,L), Z(L,L), XI(L1l,L1), D(L1l,L1l),
D2 (L1,L1),V(L1,L1), VN(L1,L1l), ALFR(L), ALFI (L),
BETA (L), ITER(L), R(100), SR(L), SI(L),ELANDAR(L),
ELANDAT (L)

REAL N1

COMMON RALY1l, RALY2, TOL, Q, N1, T, PR, PM, EPSLON
LOGICAL MATZ

EXTERNAL FO02BJF

A2 = (X/2.0D0)**2

EA2= (¥X**2) * EPSLON

R(1) =RALY1l

R(2)= RALY2

N2 = 2*N

N3 = 3*N

N4 = 4*N

N5 = 5*N

N6 = 6*N
* * %
* kK The identity matrix
* * X

DO 2 I=1, N

po 1 J=1, N
IF(J .EQ. I)THEN

ELSE
XI(I,J)=0.0D0
"ENDIF
1 CONTINUE
2 CONTINUE

* % %

* ok k Calling subroutines to find the derivative matrix (D) and

*okk the second derivative (D2)
* Kk Kk

CALL DERIVE (N, D)

CALL PROD (N,D,D,D2)

* Kk Kk

*ok ok Building the matrices A and B and applying the boundary
* Kk conditions
* kK

DO 4 I=1, N

po 3 J=1, N
v(I,Jd)= 4.0D0 * (D2 (I,J)~-RA2 * XI(I,Jd))

3 CONTINUE
4 CONTINUE

DO 6 I=1, N
Do 5 J=1, N
VN(I,J)=V(I,J)-N1 * XI(I,J)
5 CONTINUE
6 CONTINUE
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DO 47 K=1, 100
IF (K.GT.2)THEN

R(K)=(R(K-2) * SR(K-1) - R(K-1)* SR(K-2) )./ (SR(K-1) -SR(K-2))
ENDIF

RA2= (DSQRT(R(K)) * X * X} * (-1.0D0)

DO 8 I=1, N6
DO 7 J=1, N6
A(I,J)=0.0D0
B(I,J)=0.0D0
7 CONTINUE
8 CONTINUE

* * %

ol Writing the elements All and Bll
* k k
DO 9 I=1,N
A(1,I)= 1.0DO
A(2,I)=(-1.0D0)**(I-1)
9 CONTINUE
DO 11 I=3, N
DO 10 J=1,N
A(I,J)=VN(I-2,J)
B(I,J)=XI(I-2,J)
10 CONTINUE
11 CONTINUE

* %k *

* Kk Writing the elements A22 and B22

* k%

DO 12 I1I=1,N
A(N+1,I+N)= 2.0D0 * DBLE ( (I-1) **2)
A(N+2,I+N)=(2.0D0 * DBLE ( (I-1)**2))* (-1.0D0) ** (I)
12 CONTINUE

DO 14 I=N+3, N2
DO 13 J=N+1, N2
A(I,J)=V(I-N-2,J-N)
B(I,J)=PM * XI (I-N-2,J-N)
13 CONTINUE
14 CONTINUE

* % %

* ok x Writing the elements A33 and B33

* % %

DO 15 I=1,N
A(N2+1,I+N2)=0.0D0
A(N242,I+N2)=0.0D0

15 CONTINUE

DO 17 I=N2+3, N3
DO 16 J=N2+1, N3
A(I,J)= VN(I-N2-2,J-N2)
B(I,J)= XI(I-N2-2,J-N2)
16 CONTINUE
17 CONTINUE
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* %k %k

*kx Writing the elements A44 and B44

* k *

DO 18 I=1, N
A(N3+1,N3+I)= 1.0D0
DA (N3+2,N3+I)= (-1.0D0)**(I-1)
18 CONTINUE
DO 20 I=N3+3, N4
DO 19 J=N3+1, N4
A(I,J)=V(I-N3-2,J-N3)-(EAZ * XI (I-N3-2, J-N3))
B(I,J)=PM * XI (I-N3-2,J-N3)
19 CONTINUE
20 CONTINUE

* k k

* ok x Writing the elements Ab55 and B55

* %k

DO 22 I=N4+3, N5
DO 21 J=N4+1,N5
A(N4+1,J)= 1.0DO
A(N4+2,J)=(-1.0D0) ** (J-N4-1)

A(I,J) =V (I-N4-2,J-N4)
B(I,J) =PR * XI(I-N4-2,J-N4)
21 CONTINUE
22 CONTINUE

* k *

* Kk Writing the element A66
* * *
DO 24 I=N5+3, N6
DO 23 J=N5+1, N6
A(N5+1,J)=1.0D0

A(N5+2,J)=(—1.0DO)**(J—N5—1)
A(I,J) =V (I-N5-2,J-ND)

23 CONTINUE

24 CONTINUE

* k* k

* kK Writing the element B34
* kK
DO 26 I=N2+3, N3
DO 25 J=N3+1, N4
B(I,J)= (-2.0D0) * PM * D(I-N2-2,J-N3)
25 CONTINUE
26 CONTINUE

* * *

il Writing the element  Al2
* % *
DO 28 I=3, N
DO 27 J=N+1, N2
A(I,J)=2.0D0 * D(I-2,J-N)
27 CONTINUE
28 CONTINUE

* * k

*x K Writing the element Al6

* k Kk

161



DO 30 I=3, N
DO 29 J=N5+1, N6

A(I,J)=2.0D0 * DSQRT(T) * D(I-2, J-N5) .
29 CONTINUE
30 CONTINUE

* % %

* ok Writing the element A2l
* % *
DO 32 I=N+3, N2
po 31 J=1, N
A(I,J)= 2.0D0 * Q * D(I-N-2,J)
31 CONT INUE
32 CONTINUE

* % %

*kx Writing the element A3l
* * %
DO 34 I=N2+3, N3
DO 33 J=1, N
A(I,J)=(-2.0D0) * DSQRT(T) * D(I-N2-2,J)
33 CONTINUE
34 CONTINUE

* x %

* kK Writing the element A35
* % *
DO 36 I=N2+3, N3
DO 35 J=N4+1, N5
A(I,J)= RAZ2 * XI(I-N2-2,J-N4)
35 CONTINUE
36 CONTINUE

* % Xk

* K% Writing the element A36
* * *
DO 38 I=N2+3, N3

DO 37 J=N5+1, N6
A(N+1,J)= 2.0D0 * DBLE((J-N5-1)**2)
A(N+2,J)=(2.0D0 * DBLE((J—N5—1)**2))*(—1.0DO)**(J—N5)
A(I,J)= (-4.0D0) * Q * D2 (I-N2-2,J-N5)

37 CONTINUE

38 CONTINUE

* x %

*kx Writing the element A46
* % %
DO 40 I=N3+3, N4
DO 39 J=N5+1, N6
A(I,J)= 2.0D0 * Q * D(I-N3-2,J-N5)
39 CONTINUE
40 CONTINUE

* k%

* ok Writing the element A56
* % %
DO 42 I=N4+3, N5
DO 41 J=N5+1, N6
A(I,J)=DSQRT(R(K)) * XI(I-N4-2,J-N5)
41 CONTINUE
42 CONTINUE
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* kK

* ok K Writing the element A63

**:ji
DO 44 I=N5+3, N6
DO 43 J=N2+1, N3
A(I,J)=(-1.0D0) * XI(I-N5-2,J-N2)

43 CONTINUE

44 CONTINUE
MATZ = .FALSE.
EPS1 =(10.0D0)** (-15)
IFAIL= O

* % %
* A x Calling nag routine to solve the eigenvalue problem
* %k

CALL FOZBJF(N6,A,L,B,L,EPSl,ALFR,ALFI,BETA,MATZ,Z,L,ITER,IFAIL)

M=0
DO 45 I=1, N6
IF(BETA(I) .NE. 0.0DO) THEN
M=M+1
ELANDAR (M) =ALFR (I)/BETA(I)
ELANDAI (M)=ALFI (I)/BETA(I)
ENDIF
45 CONTINUE

* kK
* % %

Choosing the largest real part of the eigenvalue
* Kk %

ALARGR=ELANDAR (1)

DO 46 I=2, M
IF ( ELANDAR(I) .GE. ALARGR) THEN
ALARGR= ELANDAR(I)
ALARGI= ELANDAI (I)
ENDIF
46 CONTINUE

SR (K)=ALARGR
ST (K)=ALARGI
IF (K.GE.2) THEN
DF=DABS (R (K) -R(K-1))
IF(DF .LT. TOL) GOTO 48
ENDIF
47 CONTINUE
48 RALY= R(K)
SEGMAR=SR (K)
SEGMAI=SI (K)

RETURN
END
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* ok Kk

* oKk Subroutine to construct the derivative matrix
* k k
SUBROUTINE DERIVE (N, D)
IMPLICIT DOUBLE PRECISION (A-H, 0-Z)
PARAMETER (L=30)
DIMENSION D (L, L)
DO 10 I=1,N
DO 10 J=1,N
IF((J .GT. I) .AND. (MOD(J-I,2) .EQ. 1)) THEN
D(I,J)=2.0D0 * DBLE (J-1)
ELSE
D(I,J)=0.0D0
ENDIF
10 CONTINUE
DO 20 I=1,N
D(1,I)=0.5D0 * D(1,I)
20 CONTINUE
RETURN
END

* k *
*okk Subroutine to multiply two matrices
* k *
SUBROUTINE PROD (N,A,B,C)
IMPLICIT DOUBLE PRECISION (A-H, O-Z)
PARAMETER (L=30)
DIMENSION A(L,L), B(L,L), C(L,L)
DO 20 I=1,N
DO 20 J=1,N
C(I,J)=0.0D0
DO 10 M=1,N
C(1,J)=C(I,J)+A(I,M) * B(M,J)

10 CONTINUE
20 CONTINUE
RETURN
END
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