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SUMMARY

Regularized Traces and Sum of Eigenfunctions
of Differential Operators with Fourth Order
Under the Periodic and Non-Periodic
Conditions

The main role of this thesis is calculating the regularized traces of

eigenvalues and sum of eigenfunctions of differential operator of fourth

order , when the boundary conditions are periodic and the boundary

conditions are non-periodic.

The thesis consists of three chapters :

In cﬁapter I : We introduce some fundamental definitions and

theorems which considered the necessary background mater for the other

two chapters .

In cﬁapter 1T : We constructed the domains S and T, the asymptotic

formulae for fundamental solutions of the differential equation in the form
Y@ +g(x)y = Ay, x €[0,7]

are obtained.

Also , the asymptotic behavior of the eigenvalues for the given problem

are studied , we obtain the regularized traces of the given problem by two

methods . At the last of this chapter , we obtained the regularized sum of

eigenfunctions of the given problem .

In cﬁapter 111 : We studied the regularized traces and sum of

eigenfunctions for periodic boundary conditions .
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INTRODUCTION

It is well known that the summation of the diagonal
elements in a square matrix is equal to the summation of
eigenvalues of linear operator in finite dimensional space .
In other words, the trace of a matrix is equal to the spectral
trace in n-dimensionl space.

It is worth mentioning that this theoem is satisfied also
in the case of nuclear operators, which are defined in Hilbert
space [ 30 | . Thus we might ask the following question : Is
this theorem applicable in case of unbounded operators ?;
especially in the case of differential operators the trace of
matrices and spectral trace are not exist, for this reason we
define the so-called “Regularized trace” .The study of regular
trace for differential operators plays an important role in
several fields such as mathematical analysis , theoretical
physics and quantum mechanics. We can use also the regular
trace in the inverse spectral problems in functional analysis .

Agood number of works has been devoted to the

deduction of the formulae of regularized traces of differential
operators such as L. M.Gelfand , B.M.Levitan (1953) [ 1 |,

M.A Naimark (1954) [ 2 ] , J.A.Charles, J R . Halberg and
(1)



V.A.Kramer (1960) [ 3 |, V.B. Lidsky, V. A . Sadovnichii
(1967, 1968) [4], [5], V-A.Sadovnichii, V.A.Lyubishkin.
(1981) [6] , Y.Belabbaci (1981) [7], S.A.Saleh (1984) [8],
S.A.Saleh , H.A.Zedan (1987) [11] , S.A.Saleh, M. A . Kassem
(1987) [12], A . A. Darwish (1984) [9], A . A. Darwish,
S. A. Saleh (1986) [10], A . A. Darwish , E. E . Abd-Aal.
(1987) [13], S . A . Saleh, RM. Allam.( 1991 ) [14] ,
D.Milinkovic. (1991) [16], V.A Lyubishkin (1991, 1993) ,
[19], [20], A.S. Pechentsov. ( 1991 , 1992 ), [15], [18],
V.A.Sadovnichii, V.V.Dubrovskii (1992, 1996) [19], [21],
[15], S.A.Saleh (2000) [28], and others . |

The concept of regularized sum for eigenfunction of
differential operators are introduced by S.A.Saleh (1998) ,
[22]. Also the proof of the expansion theorem of eigenfunction
for multi-point and integral condition is given by
S.A.Saleh,M.A Kassem.(1998) [31].

The main role of this thesis is calculating the regularized
traces of eigenvalues and sum of eigenfunctions of differential
operator of fourth order , when the boundary conditions are
periodic and the boundary conditins are non-periodic i-e, the
differential equation
yY +qx)y=Ay:xe [0,7]

(i)



under the non-periodic conditions

yO) =y" 0=y (#m)=y"(7)=0.

And also under the periodic conditions namely

y(0) -y (m) =y (0) -y (7m)=y"(0) - y"(7)=y"(0) -y (0) = 0

The thesis consists of three chapters , in the first
chapter,we introduce some fundamental definitions and
~ theorems which considered the necessary background mater
for the other two chapters. Accordingly , we wirte short
notes on the following :

1. Analytic functions , singular points , the residues , the
poles ,. the Cauchy - Goursat theorem and Rouche’s
thearem |

2 . Linear differential expression . |

3 . The problem of inverting a differential operater.

4. Construction of Green’s function .

5. Riemann’s Zeta functions ¢ (s), ¢ (s,a) .

In chapter II , we constructed the domains Sand T,the
asymptotic formulae for fundamental solutions of the differential
equation in the form

yYPX)+qx)y=A4y, xe [0,7 ]
are obtained .
Also , the asymptotic behaviour of the eigenvalues for the

given problem are studied, ( theorem 2.2 ) We obtain the

(iii )




regularized traces of the given problem by two methods
(theorem 2.3 ). At the last of chapter II , we obtained the
regularized sum of eigenfunction of the given problem
(theorem 2.4).

In chapterIll , we studied the regularized traces and
sums of eigenfunctions for periodic boundary conditions
(theorem3. 1, theorem3. 2 , theorem 3.3 ) .

The results which obtained in chapters II and III concerning
with the regularized sum of eigenfunctions of the first and
second problem are considered modification of the previous

studies .

(1v)




CHAPTER1
PRELIMINARY DEFINITIONS AND THEOREMS

. At the beginning we will give some basic definitions

and theorems which will be used in our study.

1.1. Definitions and notions
Definition 1.1 : A function f (z) is analytic at a point z, if

its derivative exists in a neighborhood of z, .

If a function is analytic at every point belonging to some
region , we say that the function is analytic in the region.
Theorem 1.1 : The necessary and sufficient condition for
a function f(z) =u(x,y) +iv (X,y)to be analytic in a
domain R 1is that its real and imaginary parts u and v are
differentiable and have continuous first order partial derivative

at (x, y ) and satisfy the Cauchy - Riemann equations

U_v du__ov
ox dy’dy ox

V(x,y)eR.

Examples :
1. The function f (z) = z* is differentiable in the whole
z- plane, so f(z) is analytic in z-plane .

(D)



2. The function f(z) =Re(z) = x is nowhere differentiable
and f (z) is not analytic .

3. The function f (z) = |7/ * is not analytic .

Definition 1.2 : A simple closed contour .
A contour C is called a simple closed contour if the initial

and the final values of f (z) are the same .

Definition 1. 3 : Simply connected domain R .

Is a domain such that every simple closed contour C within
it contains only points of R, if R is not simply it is multiply
- connected.

Definition 1. 4 : Singular points .

If f fails to be analytic at a point z, but fis analytic at
some points in every neighborhood of z, , then z, is called a
singular point or singularity of f .

A singular point z, is said to be isolated if , in a ddition ,
there 1s some neighborhood of z, throughout which f is
analytic except at z, .

Examples :

1 Let f(z):—;- _ then f'(z)z—%z (z #0)

Hence f is analytic at every point except for z =0, where it

1s not even defined .

(2)




The point z =0 1is therefore a singular point . In fact it is an
isolated singular point .
2. The function f (z) = |z° has no singular points since it is

nowhere analytic.

Definition 1. 5 : The residues
Let z, be an isolated singular point of a function f (z) .
Then by the residues of f (z) at z,, denoted by Res f (2) is

7=7,
meant the coefficientC in the Laurent expansion
-1

f(Z)=n:§;oo Cn (z-2,)", (1.1)
where

C=nb [P 4z (n=0,%1,%2,..)

" (z -z,)
Examples : |
1.Letf(z)=z(—ll_—z—):% +%,O<|z|<l,zo =0

it is easy to see that
C=0,Vk =2,3,4,...,
C=C=C =1,Vk =1,2,3,4,..
—1 0 k

then

f(z)=l41+z+2%+...
Z




So we have

Res f@)=C=1

z

2.Let f(z) = % ,121>0,2,=0

It 1s no difficult to calculate the coefficients

C Vk =..,-3,-2,-1,0,1,2,3, ...,

i.e C=C=C=1,Ci’< =0 VK=3,.4,5,...,
C = 1 Vk=1,2,3
¥ (k+2)! B
Then |
— 1 1 1 Z 22 Z3
f(Z)—?+'Z—+7!+ §+ ZI.T+§-+

Res f@=C=1.

3.1etf(z) =8I0Z  15150,2=0
Z

The Laurent expansion of f(z) can be written in the following

formula

3
-LZ 4+,

f(z) =1 - z

1 . 4
7 3z

4




Moreover

Res f(z)zg = 3!_=_1_

Definition 1 . 6 : The poles .
“Suppose the series (1.1) contains only a finite number of

negative powers of (z-zo) . Let m be the highest power of

appearing in ( 1.1 ), so that
(z—2o

C-1 C-1 C-2
+ +

f(z) = 5 -2,) "
(Z) n_Z_::O Cn (Z Zo) + (Z—Zo) (Z—Zo) (Z—ZO)2

C-m

L+ ~
(z—2z0)

where

C._,=0. |
The point z, is then called a pole of order m of f (z) . In
particular , z, is said to be a simple if m =1, and we note
that

Lim f(z) = o0
Z—>7Zo

Examples : |
—e -1 1.1 4,2z /A

1. f(z) = == + _z“+i+§!”+ Z!-+..., izl > 0

then we have z, =0 is a pole of order 2 .

2.f(z)= sinz = 1 .1 4, z _ z

72 3z s
so the point z,= 0 is a pole of order 3 .

)



3.f(z)= —L =141 42+ 2% +..
z(1-2z) y4

so the point z,= 0 is a simple pole of f (z) .

S B | _

4.f(z)= D @D o<lz—1<1

then
fz) =- L+ % (-1)" (z-1)", o<l-1<1
_ | (Z_—-l) n=0 |
1ef(z) =- (le) +1-(z-1) +(z-1 )...

so the point z, =1 is a simple pole of f (z)

Theorem 1.2 : The Cauchy - Goursat theorem
If a function f is analytic at all points within and.on a simple
closed contour C, then

c [fzydz=0
Theorem 1. 3 : The residue theorem
Let C be a simple closed contour within and on which a
function f 1s analytic except for a finite number of singular
points z,, z, , .... , z_ interior to C . If B, ,B,, ...., B_denote
the residue of f at those points , then
Ji@dz =271 (B, +B, +...+B),

where C is described in the positive sense .

(6)



Theorem 1.4 : Rouche’s theorem .

Let f and g be functions which are analytic inside and on a
positively oriented simple closed contour C .

If ‘f(z)|>]g(z)l at each point z on C , then the functions f(z)
and f (z) + g (z). have the same number of zeros , counting
multiplicities , inside C .

Example : |

1. Let f (z) = a, 2", g(z) = alz“'1 + a, yARE +a_, |z = R,
R>0

f(z) = R",

g(z) = | a,z"' +.. +a_ <|a,| R™ + ...+ a,|

f@)| 2o |R _
255 8@ T 5% o [R7+ta |

[f@)
VM >03N>0:—2 > MV|z|]> N

2(2)

Put M = 1, then [f(z)|>‘g(z)

that the functions f(z), f(z)+g(z) have the same number of

, S0 by theorem (1.4) we deduce

Zeros

ie f(z)=a,z" ,f(z) + g(z) = a,z"+a,z"" + ... + a_

have n zeros in |zj= R, and that is true by the fundamental
theorem of algebra .

Remark : The residues at a pole can be calculated without

making explicit use of a Laurent series by the following

(7)



formulae
(1) If z, 1s a simple pole of f (z) , then

Res T(@)=Lim (z-2,)1(z).
(11) If z, 1s a pole of order m, m>1 of f (z) , then
1 . dm—l B m
Res T(=iyy  Lim o ((2=2)"£(2) |

z=2 ( dz
Examples :

1.Letf(z) = 1Té1T) - L 0<p-1<1

from the definition ( 1.6) we deduce that z,=1 is a simple

pole of f (z) , then by remark (i) we have :

_ o 1
G = Res 1(2) = Lip ¢-1) |mgpy—ghy
= Lim -Zz—l - lel -1.
z—1
Then
c =-1

-1

2 . The function f (z) = @ 1)5 ,0< |Z 1(

has the point z, =1 a pole of order 5 , then by remark (11)

we have
_ 1 4 s ez :
C—Res——Lzm——4 — : |
-1 2=1 4 751 (z—1)
_ 1 d' .z e

= & Lim % e
a 75 az 2

Remark: For more detials and proof of theorems (1.1) -(1.4)
see [23] , [24]
)



Definition 1.7 : Linear differential expression .

A linear differential expression means an expression of the

form
I(y) = p, M YV+P, ) y" P+ .. +P X)y. (1.2)
The functions p, (x) , P, (x), .... , P, (x) are called the

coefficients and the number n is called the order of the
differential expression .

We shall assume that the functions ——— Y ( y , P, (x) s P (%)

are continuous on a fixed, closed interval [ a, b] .
We denote by C ™ the set of all functions y (x) which have
continuous derivatives up to the n th order inclusive in the
interval [a,b ].
Definition 1.8 : Boundary conditions .
We denote the values of the function y and its first ( n-1)
successive derivatives at the boundary points a and b of the
interval [ a, b ] by

Yo oY oYY oY (1.3)
let U (y) be a linear form in the variable (1. 3),
then

U=y, t oy oot oy, + Byt + B3, (1.4)
If several such forms {7, (y) have been specified, y =1, 2
., m, and if the conditions
u =0,y =1,2,3,..,m (1.5)
)




are imposed on the functions y (x)e C™ , we call these the
boundary conditions which the functions y must satisfy .

We denote by D the set of all functions y € C™  which
satisfy a specifed system of boundary conditions of the
form (1. 5) . Clearly, D is a linear subspace in C™ which
coincides with C™ only if the conditions (1. 5) are entirely
lacking or if all their coefficients vanish .

Suppose a certain differential expression 1 (y) and a
particular subspace D defined by conditions of the form
(1. 5) are given. To each function y € D, we let the function
u = I(y) correspond . This relation is a linear operator with
D as its domain of definition , we denote it by L .

We write

u=Ly .

The operator L is called the differential operator generated
by the differential expression 1 (y) and the boundary conditions
(1.5)

In this way - and this fact will be very important in the
sequel - one and the same differential expression can generate
various differential operators depending on the way in which
the boundary conditions (1. 5) are chosen .

If , in particular , the conditions (1. 5) are absent, we
obtain a differential operator , denoted by L, , with the
domain of definition D=C ®.

(10)



L, 1s obviously an extension of all other operators L which

can be generated by the same differential expression 1 (y) .

If

vy .. U100,
U-=

Unm) | U

Hence the following result :

1°.If the rank of the matrix U is'equal to r, the homogeneous,
boundary - value problem has exactly ( n - r ) independent
solutions .

In particular ,

I1°. (a) The homogeneous , bonndary - value problem has
non - trivial solution if and only if the rank r of the matrix
U is less than the order n of the differential expression 1.

(b) For m < n , the homogeneous , bonndary - value problem
always has a non- trivial solution .

(c) For m = n, the homogeneous , boundary - value problem
has a non - trivial solution if and ond only if the determinant
of the matrix U (in this case , a square matrix ) vanishes .
Definition 1.9 : Eigenvalues and eigenfunctions .

A number A is called an eigenvalue of an operator L if
there exists in the domain of definition of the operator L a

function y =0 such that

(11)




Ly=Ay (1. 6)

The function y is called the eigenfunction of the operator L

for the eigenvalue A .

The operator L. may be generated by the differential
expression 1 (y) and the boundary conditions

U, (y)=0,..,U (y) =0. (1.7)

- Since an eigenfunction y must belong to the domain of

definition of the operator L , it must satisfy the conditions

(1.5). Moreover, Ly = ly, and therefore (1.2) is equivalent to
Iy) = 4y - (1. 8)
Hence :the eigenvalues of an operator L are those values
of the parameter A for which the homogeneous boundary -
value problem |

1(y) =4y ,Uy(y) =0,y=1,2,...,m" (1.9)
has non - trivial solutions , each of these non - trivial solutions
is an eigenfunction belonging to 4 .

A linear combination of eigenfunctions which belong
to one and the same eigenvalue A is itself an eigenfunction
belonging to A . Forif Ly, = Ay, and

Ly, =A1vy,,then |

L(cy+ cy,) = A (c,y,+¢,y,) for any constants c,
and c, .

(12)



Since a homogeneous equation ( 1. 8) can have , for a given

A not more than n linearly independent solutions , it follows
that the aggregate of all eigenfunctions which belong to one
and the same eigenvalue form a finite - dimensional space
of dimension < n . The dimension of this space is simply
the number of linearly independent solutions of the boundary
- value problem (1. 9) for the given eigenvalue A, this
number 1s called the multiplicity of the eigenvalue .

We shall specify conditions for the determination of
eigenvalues .
Denoting by

O, xA), 0, 2), ... , O (x, 1) (1. 10)
the fundamental system of solutions of the differential

equation ( 1. 8) which satisfy the initial conditions

0 for j#i

¢‘j“’<a,x>={ 1
(1.11)

From general theorems on the solutions of linear differential

i, 1 =1,2,..,n.
for  j=i

equations it follows that , for each fixed value of x in [a, b],
the functions (1. 10) are integral , analytic functions of the
parameter A .
We have the following alternatives
(13)




I . For any differential operator L, only the following two
possibilities can occur :
1 - Every number A is an eigenvalue for L .
2 - The operator has at most denumerably many eigenvalues
( in particular cases , none at all ) , and these eigenvalues
can have no finite limit - point . |

The case when m = n is of particular interest , and in
the sequel we shall consider this particular case , if nothing
to the contrary is stated .

We put

Ay 2 @ Ty 0 12)

u,(¢) .. U,9)
By the preceding discussion, A(A) is an integral, analytic
function of A , the so - called characteristic determinant of
the operator L.(or of the boundary - value problem Ly = 0 ),
and the following theorems hold :
IT . The eigenvalue of the operator L are the zeros of the
function A (4) . If A (A1) vanishes identically , then any
number A is an eigenvalue of the oparator L .

If , however , A (A) is not identically zero , the
operator L has at most denumerably many eigenvalues , and

these eigenvalues can have no finite limit-point .
(14)



If, in particular , the function A (A) has no zeros at all ,
then the operator L has no eigenvalues .
An eigenvalue A may be a multiple zero of A (A)
IIT . If A, is a zero of the charactristic determinant A (A)
with multiplicity y , then the multiplicity of the eigenvalue
Ao can not be greater than 7y .
IV . If A, is a simple zero of the charactristic determinant
A (A) , then the multiplicity of the eigenvalue ), of the
operator L is also unity . |
An eigenvalue is called simple if it is a simple zero of the
charactristic determinant A (A).
1.2. The problem of inverting a differential operator .
Let L be a differential operator , generated from the differential
expression
Ly=p ) LL+ p(x) L2+ 4Py,
and the boundary conditions |

Uy (y)=0 , y=1,2,3,...,n.
We assume that the homogeneous boundary value problem
Ly =0 has only the trivial solution y =0,
i.e. for an arbitrary fundamental system of solutions ¢, ,

¢2 - (/5rl of the equation 1 (y) = 0, the rank of the matrix
u,¢) .. U, )

u, @) .. U,9)
(15)



is equal to n, and so the determinant .

det[Ui(¢j)|¢O , 1, =1,2,..1n. (1. 13)
By Il L then has an inverse L', whose domain of definition
coincides with the range of values of the operator L. We set
ourselves the task of finding an explicit expression for L.
As we shall see , L' turns out to be an integral operator
with a continuous Kernel , the kernel is called Green’'s
function for the operator L .

We shall give below an explicit expression for the Green's
function .

1.3. Construction of Green’s function .

Green’s function for an operator L is to be understood
to be afunction G (x,£) satisfying the following conditions:
1 - G(x,£ ) is continuous and has continuous derivatives
with respect to X up to order (n-2 ) inclusive for all values
of x and & in the interval [ a,b ] .

2 . For any fixed value of & in the interval (a,b) the function
G(x , &) has continuous derivatives of orders ( n-1) and n
with respect to x in each of the intervals [a,£ ) and (&, b],
the ( n-1) th derivative is discontinuous at x = & with a

jump of
1

Po(§>'

1
-IG(§+05) G(é: 0,8)=
ox’ po(€ )
(16)




3 . In each of the intervals [a ,§ ) and ( &, b], G(x,& ),
considered as a function of x, satisfies the equation 1 (G) =0
and the boundary conditions {7, (G)=0,y=1,2,..,n.
Theorem 1.5 : If the boundary - value problem L y = O has
only the trivial solution, then the operator L has one and
only one Green’s function .

Proof : see [ 25 ]

1.4 . Inversion of a differential operator by means of the
Green’s function .

Suppose that the equation L y = 0 has only the trivial

solution y = 0, so that the inverse L™ and its Green’s

function exist . if L' f=y , then Ly=f (1. 14)
i.e. y is a solution of the equation |
I(y) =1, (1. 15)
and also satisfies the boundary conditions
Uy =0, y=1,2,..,n. (1. 16)

We shall show that this solution exists for any function f(x)
which is continuous in the interval [ a,b | , and that it can
be determined by means of the Green’s function . More
precisely , the following theorem is valid .
Theorem 1.6 :

If the equation L y= 0 has only the trivial solution, then,
for any functionf (x) which is continuous in the interval

(17)




[a,b], there exists a solution of the equation Ly =f, this

solution is expressed by the formula

y(x) = [GxOFEdE (1.17)

where G ( x , £ ) denotes the Green’s function for the
operator L . |

Proof : see[25]

1.5. Green’s function for the operator L - 1 1.

Let L be an operator generated by the expression 1 (y) and
the conditions )

Uy (y)=0, y =1,2, ..., n. The expression for the Green’s

function of the operator L. - A I is given by the formula

G(x,g,x):%H(x,g,a ), (1.18)
where
U6) U@ .. U©®)
A= | .. . (1.19)
U,©9) U6) .y ©)

¢ (XA)... ¢, (xA) g(x,&)
H (X, 6 ,A« ) = U1(¢1) U1(¢”) Ul(g) (1 20)

Un@).. U, 9) U.@®

(18)



o (X1) . ¢(XA) |
gx,& )= = 1 ¢?ﬁ2(5”1) (P:'z(é,l) (1.21)

0&2) - 9,6

( The positive sign being taken if x > & , and the negative

signif x<¢),
and
o' EAN) .. (&R

W) = (1.22)

o, EA) .. ¢, &N

1.6. Riemanr’s Zeta Functions { (s)and { (s, a)
Definition 1.10: Let s = & +it where o and t are real ,

then ; if 0 > 0, the series

o0

C(s)=3 &% (1.23)
. _ n=l n |
1s a uniformly convergent series of analytic functions in

any domain in which ¢ = 1 + 9§ ; and consequently the
series is an analytic function of s in such a domain . The
function is called the Riemann’s Zeta function .
Many of the properties possessed by the Riemann’s Zeta -
function are particular cases of properties possessed by a
more general function defined, when G > 1 + 6 , by the
equation

()= 3 ! (1.24)

n=0 (a+n)
(19)




where a is a constant . For simplicity , we shall suppose
that O <a <1, and then we take arg ( a+n) = 0 . It is
evident that { (s ,1)= {(s). The function { (s, a)is
called the generalized Riemann’s Zeta function

Definition(1.11).The numbersB , representing the coefficients

" |
of % in the expansion of the function

EB O<|t|<27m (1. 25)

1
e—l n=0 I’l'

are called Bernoulli numbers . Thus the function f—l is a
o -

generating function for the Bernoulli numbers .

We note that the Bernoulli numbers has the following

properties :

- B = éo (# )B, ;By=1,(n#1)

2 - All the Bernoulli numbers with odd index are equal to
zero except that B | =- % ;thatis , B, ., =0 for n a natural
number .

3 - For some values of B_, we have

B,=1 ,B,=-_ , B,=
By=_,Bg=-, BO_a T s e

Definition (1. 12) . The Bernoulli polynomials B _(x) are
defined by

B (x) = kﬁ_l;o 7 ) B, x"*. (1. 26)
We can also define the Bernoulli polynomials as the following

1
B =-1
4 30 ’

Definition (1. 13) The Bernoulli polynojmials B_ (x),
(20)



representing the coefficients of L - 1n the expansion of the

function
_llgla(mzﬁf [0<|tj<27 ] (1.27)
From (1.2 ) we can obtian the following polynomials:
B(X) x--,B (x)—x—x+ B3(x)=x—-2-x +EX’
B, (x) =x" -2x + x? ,BS(X) x5-§x2+§ x3—-;-x,...
If we put x =0 in both 31des of (1. 27), we have
;:_nZOB (O) , [0<it|<2m ] (1.28)

Upon using formula ( 1. 25) and (1. 28) , we get
B,(0) =B, , B,(1) =-B, = % , B(1) =B_,(n #1)
Riemann’s Zeta - functions ¢ (s) and( (s, a) has the following

properties
B 1 oo xs—lé.ax
(l)é’(s,a)-—r—(s)-g o dx, | (1. 29)
where 0>1+4+0, argx=0
@) lim 28D _
s=1 T'(1—-5)
_ —_ Bm+1(a)
3 f(-m,a)= il

4) € (-2m)=0,§ (1-2m)=-)" B,, /(2m)
=-B, /(2m);(m=1,2,3,...)
$(0)=-1

_ 22m—17l'm|32m‘
(5)¢(2m)= 2!

Remark : for more detials see [27] ; [29] :
(21)
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CHAPTER II
REGULARIZED TRACES AND SUMS OF
EIGENFUNCTIONS FOR NON - PERIODIC
BOUNDARY CONDITIONS

2.1. INTRODUCTION.

For large values of || , approximation formulae and , indeed,

a symptotic formlae can be given for the eigenvalues and
eigenfunctions of a differential operator . Such formulae are
not only of interest in themselves , but they also find
application at a decisive point in the proof of certain theorems
in the theory of differential operators, particulaﬂy finding
the regularized traces and sums of eigenfunctions for the

differential operators .

It turns out that the behaviour of the eigenvaluesA , and
eigenfunctions for an arbitrary differential operator as|i
increases can , to a first approximation, be characterized by
the eigenvalues and eigenfunctions of the operator which is
generated by the same boundary conditions but the simplest

possible differential expression of the fourth order 1(y) = y.

(22)



We shall first investigate the asymptotic behaviour of

solutions of 1(y) = 4 y for large |4

, where 1 (y) is a linear

differential expression in the form.

1 =y?®+qx)y,0<x <7 2. 1)
and the boundary conditions
U (y) =y(©0) =0, <
U, (y) =y"(0) =0, 2.2)
U;(y) =y(m) =0,
U, (y) =y"(r) =0,

First we put A = p *, then the equation I(y) = A y

takes the form

Iy) =p‘ty 2. 3)
or , in more detail
yPX+qxy=pty | Q. 4

2.2. The domains S and T.
‘ We divide the complex p - Plane into eight sectors
S, k=0,1,2,...,7,defined by

T_mgp_—T—. (2.5)



(Fig.1)

As we shall see later , the asymptotic formulae for the
solution y of the equation (2. 4) depend essentially on which
sector S, the point p lies in . We denote by

W, W, , W, , W, ,
the different 4" roots of 1 arranged in an order such that
Re (p w,)< Re (p w,) <Re(p w,;) < Re(p w,) (2. 6)
V p €8S, ,where Re (z) means the real part of z
For exampleif pe S,, thenw =-1, w, =1,w,=-1i, w, = 1.

We consider more general domains , namely those which
are obtained from the sectors S, by a translation p—>p+c,
where ¢ 1s a fixed complex number . These new sectors
with their vertices at the point p = - ¢ will correspondingly
bedenotedby T, , k=0,1,2,...,7.

We see that , for pe T, , the inequalities
Re((P+c)w)) S Re ((P +c)w, )<SRe( (P+ c)w,) SRe( (P +c)w,),
2.7)
(24)



hold , for a suitable ordering of the numbers w, , w, , w,,
and w, . In the sequel we shall let p vary in a fixed domain

and so we shall write simply S and T instead S, and T, .

2.3.The asymptotic formulae for the fundamental solutions of
(2.4).

Let ¢, (x,p). $,(.p). $,(x.p) and ¢, (x,p)
denote a fundamental system of solutions of the differential
equation (2. 4 ) which satisfy the initial conditions
0" 0, p)=§;= f ]]:00 : ]’ jii;j,i=1,2,3,4 2. 8)
where § i Kronecker delta .

For the functions ¢, (x, p) (k=1,2,3,4), we have
the following theorem
Theorem 2 . 1: The asymptotic formulae for the fundamental
systém of solutions of the differential equation (2. 4) are
given by

O, (x,p)= % (cospx + coshpx) + §[1§( sin Px - sinh px)

)jcq(t)dt+—3- (cos px + cosh px) (q(x)- q(0))+...
0 16p*

(25)



¢, (x,p )= % (sinpx + sinh Px) -

chq(t)dt+—1— (sinpx + sinh px) (3 q(x) - q(0) )+...
0 16p°

O, (x,p)= ( Coshpx CosSPX ) —( sin px + sinh px)

jq(t)dt+—( cosh px— cos px) (3q(x)+q(0)) + ...
0 16p8
and

P, (x,p )— (smhpx smpx)+ (cospx— cosh px)

(j)q(t)dt+@ (sinh px - sinpx ) (q(x)+q(0)) + ...
(2.9)
Proof : Puting q (x) = 0 in (2. 4) , we have the | differential
equation -
Y= ply®. (2. 10)
The general solution of (2. 10) is given by the following
formula
y(X, p)=¢, sinpx+c,sinhpx + ¢, cospx + ¢, coshpx ,
(2. 11)

where ¢ (1=1,2, 3,4) are constants .

If q)(o)(x P), (p(o)(x P), ¢(O)(x p) and gb(o)(x, p) are fundamental
solutions of ( 2. 10) , we have
gbio)(x, p)=% ( cospx + cosh px)
(26)




¢(O)(X p)— ( sinpx + sinh px)
p

¢§)O)(Xap) =__ ( COSth - COS pX)
2p2
and

(p(o)(x p)= _p_ (smh PX - sin px) .< (2. 12)

To solve the nonhomogeneous differential equation (2.4)
(q(x) =0), we use the method of variation of parameters
namely , we put

(bp(x,p): C,(x, p)sinpx + C,(x, p) sinhpx + C,(x, p)
cospx + C, (X, p) cosh px (2. 13)

For the functions ¢, ( x,p ) , we have the following
system
C’,(x, P)sin Px+C”,(x, P)sinh Px+ C”,(x, P)cos Px+ 7, (x, P) cosh Px=0,
C’\ (x, P)cos Px+ (7, (x, P)cosh Px - 7, (x, P)sin Px+ 7, (x, P)sinh Px =0,
-C’,(x, P) sin Px+ 7, (x, P)sinh Px- C7,(x, P)cos Px + C7,(x, P) cosh Px =0,
and
-¢’, (X, p ) cosPx +¢, (x p ) coshpx + ¢, (X, p ) sinpx
+c’, (X, p ) sinhpx = - F qx) ¢ x,p) (2. 14)
Solving the system (2. 14) , we get

(27)



C\(x, p)= 21)3 (j) q(t) cos pt ¢ (¢, p) dt, }

Cyx, p)=- 21)3 (j) q(t) coshpt ¢ (t, p) dt, ]

Cyx, p)=- 2})3 [ 4 sinpt ¢ (¢, p) d, | @)
and -

Cy(x, p>=2;3 (j) q@ sinhpt ¢ (t, p)dt, |

Substituting (2.15) in (2. 13) and using the conditions (2. 8),

we have the following integral equations

1 X
20 (j) q®¢, (t, p)

[sinp(X—t)—sinhp(x—t)]dt,

1 X
2 (J) q®e,(t, p)
[sinp(X—t)—sinhp(x—t)]dt,

1 X

2 0o (t,
20 (I)q()qx( p)
[sinp (x-t)-sinhp (x-t)]dt,

o X, p) = % (cos px + coshpx ) +

¢, X, p) = % (sinpx + sinhpx)+

¢, (X, p) = —i%(coshpx—cospx)+

and

?, x,p) = 51/; (sinhpx - sinpx ) +

1 7 |
35 1 4009, (6 p)

[sinp (x-t)-sinhp (x-t)]dt 2. 16)

(28)



Upon using the successive approximation method , we can

put ( 2. 16) in the following form

(0

¢k,n (X’ p) = k

[sin p (x-t)-sinhp (x-t)]dt,  (2.17)
where k=1,2,3,4,and n=1,2,3,

s (6 P)

By straight forward calculation, using (2. 12) and (2.17),
we get the asymptotic formulae ( 2. 9 ) for the fundamental
solutions of (2. 4 ). This proves the theorem(2 . 1)
Lemma 2. 1. The asymptotic formulae for the derivative
for the fundamental system of solutions of the differential

equation ( 2.4 ) are given by the following forms

¢ (xp) = g( sinhpx - sinpx ) + 81)2 (cospx - coshpx )

[ q®dt-+—t(sinhpx-sinpx) (g x) -3qO) + ...
0 16p

¢’ (x.p) = > (cospx+coshpx)+ 35 : (sin px - sinh px )

j q(t) dt + 4(c:os px+ coshpx) (q (x) -q(0) +...,
0 16p
(29)



¢ (xp) = ( sin px + sinhpx ) - p — (cos px + cosh px)

j q(t) dt + 5( sinh px+ sin px) (q (x) + q(0) +..

and
¢’ (xp) =

I q(t) dt+T-617)—6( cosh px-cos px) (q(X) + 3 q )+ ...
(2. 18)

Proof : Differentiate (2. 17 ) with respect to x , we have
¢’ xp)= ¢’;°)<x,p>+-2—%—)3i a(®@,, ,(tP)[cos Px - -cosh P(x - 1) Jdt
(2.19)

Solving the integral equations ( 2. 19) by using the successive

81)5 (sinpx + sinhpx )

approximation method and the formula ( 2. 12 ), we get
(2.18).

Proceeding now in a manner similar to before , it is not
difficult to obtain the asymptotic formulae for¢”, (x, p) and

¢” (X, p) as in the following forms

¢”, (x, p) = ﬂz ( coshpx - COSPX ) - L ( sinpx + sinh px)

j q (t) dt+1 6p 5(cos px-cosh px) (q(x)+3 q(0) )+...,
(30)



” 1
¢ (X p) 8p2

J q(t)dt+—— (s1npx—sinhpx)(q(x)+q O)+...,
0 16p

¢” (x, p) = ( cospx +coshpx ) + — 8 ; (sin px - sinh px )
p’

- coshpx)

j q(t)dt +1 6 ; ( cos px+cosh px)(q(0)-q(x)) +..

and

¢", (X, P)=5- (Slnhpx + sin px ) g5 . (cospx + coshpx )

j q (t) dt +1 6 -(sinh px+sm Px)(39(0)-q (x))+...,
(2. 20)
For the functions ¢, (x, p)(k=1,2,3,4 ), we get

the following asymptotic formulae :

9", (x, p) = Z(sinpx + sinh px ) - % ( cos px + coshpx )
| g (O dt- 2 (sin pxct sinh px) (q(x) +q (0)) +...
0 p

6" (X, p) =323 ( coshpx- cospx ) - glp_ (sinpx + sinh px )

I QO+ 1 5 (005 Px-cosh P)(3q()+q ().

(1)



2

¢ (X, p)= % (sinhpx - sinpx ) + SL;)Z(COSPX - cosh px)

[ q (t) dt+—_(sinh px-sin px) (q(0)- 3q(x))+...,
0 16p

and

0" x, p)= % (cospx + coshpx ) + #( sin Px - sinhbx)

[ q@ dt+163p4(cos px+cosh px)(q (0)-q(x))+...,
0
' (2.21)
2.4 .Asymptotic behaviour of the eigenvalues of problem(2.1)
-(2.2)

The result of section 3 enable us to give asymptotic
approximation for the behaviour of the sequence of
eigenvalues at infinity .

Theorem 2 . 2 : A differential operator of the fourth order
which 1s generated by an expression ( 2. 1 ) and boundary
conditions (2.2) has precisely denumerably many eigenvalues,

whose behaviour at infinity is specified by the following

formulae
(DIf pe S, US, , then
) ) |
~k 1+ Hdt +O(— 2.22
P X g Ja@) (k5)_ (2.22)
Q) If pe S, US, then
. 7 1] |
~ ik 1+ Hdt +O0(— 2.23)
Py _ 47rk4QQ( ) (ks)_ (

(32)



3)If pe S; US,, then

1 = 1
p,~ - kl{1+ o { q(t)dt+0(;)} - (2.24)
) If pe S, US,, then
. r 1
~-ki|1+-1 di+O(— 2.25
Py | + L J q(t)dt + (ks)] ( )

Proof : Upon using formula (1. 12 ) in chapter I, we have

U@) U6 UG) UG
0.0)  U8) U6) U9,
US9)  US@) U®) U@
U$) ULG) U.0) UL

A(p)= (2. 26)

But from (2. 2 ) and the conditions (2. 8) , we get
U (o)=9¢,0,p)=1,U0(9,)=6¢,(0,p)=0,
U (95)=9, ©,p)=0,U(¢,)=9¢, 0,p)=0,
U,(¢)=¢"0,p)=0,U,(¢)=¢",(0,p) =0,
U, (¢5)=9¢" 0,p)=1,U,(9,) =¢", (0, p)=0
| (2.27)
(33)



Substituting ( 2. 27 ) in (2. 26 ) , then
1 0 0 0
0 0 1 0

AP=p (mp)  9,(mp)  9mp)  ,mp)
o' () 7 (mp)  ¢mp) ¢ .(mp)

= ¢,(T.p) ¢” (m.p)- ¢,(m.p) ¢” (7.p) (2.28)

Now inserting the values of the functions 9, (m,p), ¢, (m.p):
¢”2 (r,p) and ¢”4 (r,p) from the formulae(2. 9) and (2. 20)
into ( 2. 28) , we obtain the following equation for the

determination of the eigenvalues

_ Sinprz sinhpr
p2

Jatoy - Smp’;;mhp” Q) +q (1)) -

L. (sinhpr cospr + sinprm coshprr )

(jq(t)dt) +0( —5)=0 (2.29)

The equation (2. 29 ) can be written in the form :

4 (k) (k) (k)
2 Oelkﬂp {C12+C25 +C36+ ________ }:O , (2 30)
k=1 p p p
where
o, —1+ia =-l+1,0,=-1-1,0,=1-1,
1 1 1
el =l -
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16(1 ) Jatods, ¢ =- 116<1+i> fawdr,
c.'=- 6(l—l) [q()dr, ¢ 6(1+l) I q(t)dt,
- 16 (q(0) +4(m)), ¢ 16 (9(0) +4(m),

=165 @(0)+q(m), ¢ =16 (@O)+4(M),.... (2.31)
Using formula (2. 30) , we shall obtain an asymptotic

formulae for the eigenvalues in the following sectors :
() If pe S, US,, then (2. 30) takes the form

7T ( ) ) (n 7T, (4) (4) 4)
Zl p{ TR S & S }-l— g4p {C‘2+CZS+C*6+ ........ }:O

P P P p P P
(2. 32)
Formula (2. 32) can be put in the following form :
(al—a4)75p o Cl + “155 + — p4 ........
o -
oy S
R R

- _ : ci g4)
(,—a) T p=2k7mwi+In(1+ i + 54)/’4

Sl) Cgl)
-In (1+ UL + chpd +....),

using formulae (2. 31 ), we have

2i prr = 2ikm + C_, € o

C$4)p3 C§4)p4 gl)p3 {1)/)4

Y 1 C&A’) i CQ) 1 084 )
_21k7r+F(EV‘—) m)+p( @ cgl))+
(35) |




P~ k+4 v jq(t)dt+...

pk~k[1+ 147fq(t)dz‘+ ....... J

(2)If pe S, US, , then (2. 30) can be written in the form

T oW ol .o @ o
Oeﬂ P {C’ +L2 1 G5 }-1— gz p{c‘ Coy G }ZO (2.33)

pp P pp P
Formula (2. 33) can be written in the form :
C§ ’+&;)+C—g:+ ........
(o,-a,))mp=—— L2 P
¢ Ci{h+ =% 09) @
p3 p4
2) 2)

€5 cs +....)

(o, -a,)m p=1n(1+ o + ot
_ o L e -
In (1+ gl)p3 oA +....) +2kmi
Upon using ( 2. 31) , we have
_ - 1%
27rp—2k7r1+5b—3 !q(t)dt+ .....

= ] L Tg @ dt+ ..
o} 1k+7r4(ik)3 iq()dt+

p,~ ik 1+47;k47jrq(t)dt+ .......




(3)If p € S;US, , then (2. 30) takes the following form :

(2) (2) (2) (3) (3) 3)
mp | C c c mp jC C c
PR R AL T RTIY TH  NA T

e e
p> p° P p> p° p°

+..b=0(2.34)

Formula (2. 34) can be put in the form

(2) C(Z)

(a3—a2)7l'p=_ | +E+ﬁ“+ ........
€ (3) C(3)
3y 4 2 73
C +p3+p4+ ........
) A c&Z) C§2>
(0¢;-0,)m p=2ikzr +In (1+ RS + PP +....)
_ o, O
In (1+ cPp3 + op +....)
From (2. 31) , we have
- 2imp =2ikw - = [q (®) dt+ ...
I p = 21K7 2 Ja ©
then
~k-— L Tg@®dt+ ...
P Ak (j)q ®
~ -k |1+—fqO)dt+......
P 47rk4£qo
(4) It pe S,US, , then (2. 30) has the following form :
(3) (3) (3) (4) (4) (4)
£ I L S S O ‘ele[p S R N =0(2.35)
> P p° p> P p°
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The equation (2. 35) can be written in the form :

(4) (4)
CcP+ =+
1 o)
é‘(a‘t_a%)ﬂ:p:_ p‘) p4

3 4 — +
CU T 53T pa

B} — _ 9 i} cs) ce¥
(o,-a,)Tp 2ikzw - In (1+ 03 + Cioph + ....)

cP + c®
c(3) p3 c(3 p4

Upon using (2. 31), then

+1n (1+

27 p=-2kx +-1, ’fq ©) dt + ...
2p°

p ~—1k+4 ( k) jq

po~- ik (14— q(ydr +......

2.5. The regularized traces of problem (2.1)-(2.2).

It is well known that the summation of the diagonal
in a square matrix is equal to the summation of eigenvalues
of linear operator in finite dimensional space.

In other words , the trace of a matrix is equal to the spectral
trace in n - dimensional space .
It 1s worth mentioning that theorem is satisfied also in the
case of nuclear operators which are defined in Hillbert space
[30]. Thus we might ask the following question :

(38)



Is this theorem applicable in case of unbounded operators ?

especially in the case of differential operators the trace of
matrices and spectral trace are not exist . For this reason

we define the so called “ Regularized trace .

The main role of this section is calculating the regularized

traces of eigenvalues of problem (2.1)-(2.2).

We shall calculate‘ the regularized trace of the operator
(2.1) - (2. 2), by using the following methods .

The first method .

Let us assume that q (x) is an infinitely differentiable function.

Then from theorem (2. 2 ) , we have

P, =kas |1+ [q@)dr+.. (2. 36)
’ Ark o

Here the indexs (s=1,2, 3 , 4 ) denots the index of the

sector T, ( T, =S, US,, T,=SUS,, T,=S,US, ,

T, = S;U S, ) in which the given series of roots lies .

Raising both sides to the power 4 , we have

Pl =Kol [H 1 47jrq(t)dt+...]4
| 47k o

ko [1+;l-1;7fq(t)dt+..} (2.37)

(39)




Since o5 =1, then ( 2. 37) can be written in the form

p:s = k4+—1-][q(t)dt+0(%) | (2.38)
, ) R

From (2. 38 ) , we deduce thatz 2 pk diverges , while

T8

™8

4
2 pi,s—k4_
s=1

4
2 pz,snkdr_
s=1

gt

g

k=1s=1

converges , then we shall evaluate

by using the following theorem

Theorem?2. 3 :The regularized traces of problem (2. 1) -(2.2)

are given by the following formula

oo

Proof :

h) [Ak—k‘*—%zqmdr} @)+ q(m)+ 5 Tadr

Upon using formula (2. 38) , we have

(S)

(2. 39)
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where
T

gs) — 1 : Q(;) — 0 : Q:S) — _}C_ Jq(t)dt g evee

Q

We define the function Y, ( - 4 ) as follows

| (s)
t/fz(—4)—§z[pks z Q L] (2. 40)
Its clear that _
v,(-4)=2,(-4)-Q,(4),

where

T, COl’lSlStS of the rayl traversed twice and a circle with
center at zero .
And

©o 4 2 (s)
Q(-4)=% ¥ 5 L.

& & 2

We note that Q, ( - 4 ) can be expressed in terms of

Riemann’s zete - function . In fact

Q(-4)=3 0y 5

(41)



2

Qz ('4)= 125 Q21§(21_4)

4

0, = X QY

Since the values of Zeta - function at the negative integers

are well known , then
Q, (-4)=0,8(-4+0Q,0(-2)+0,.5(0)
= (3 [a0d (-H=-2Tquar.
(see[29]).

To calculate Z | (-4 ), we use formula (2. 29) namely

A(p)z—Elz— (sin P 7T sinh O 7T)+ 4;)5 (sinh O 7T cos P T +cosh P Tsin P 7T)

T

j q(t) dt - 4;)6( sinp 7 sinh P 7)(q(0)+ q(7T)) + .. (2.41)

0
Differentiate both sides with respect to p, we have .

A (p)=- % (sinp7z coshprm +sinhpr cosprm)

[1- 2 sinprwsinh pr
pr(sinprcosh prr+cosprsinh prr)

cos prr.cosh pr
2p3(sin prcosh prt +cos prrsinh prr)

J q(Odt+ 1 (q(0)+q(77))
4p

3 sinpr sinh pzx

O+q(m))  (2.42
2”P5(SIHP7TCOShP7l'+cosp7rs1nhp (9(0)+(q(7)) ( )

From (2. 41) and (2. 42) , we obtain
(42)



A'(p) 7(sin p7r cosh prr + cos prrsinh prr)

A(p) sin prr sinh p7T
2 sinpr sinh prr

1-
[ p7t(sin pr cosh prr + cos prsinh prr)
cos pr.cosh p7

2 p3 (sin pr cosh prr + cos prrsinh prr)
3sinpr sinhpr

A< (OHQ(TT )~ :
4p 27 p° (sin p7 cosh p7 + cos prrsinh p7

@O)+(g(m)+... ]

sinpsicoshpr + sinhprcospr 1
[1+2 3” O QO+ q(T))+...]
4 p° sin prsinh pr 4p

O

A'(p) . - Wy 2.43
Alp) E p' -
From formula (2. 43) it is easy to see that
-(q(0) +q(m))) (2. 44)
1. e

Z, (-4)=w;=-(q0)+q (7))

Inserting the values of Z, (- 4), Q, (-4) in (2. 40) , we have
T T

$[3 ph K -1 T a®d]=- @O +qmmZ | a0 d

k=1 "s=1 0 0

Since pk,s = Aws » and the roots p, - symmetrically situated

over all of the sectorsT,, then the last formula takes the form

T
S, [ k- l J q(t) dt] = J 4O dt- Lq) + @) (2. 45)
k=1 2 4
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If | q(t)dt =0, then ( 2. 45) takes the following form
0

S [ a-k]=- (a0 +(qm) (2. 46)

k=1
Formula (2. 46) agree with the result of § 171n [26].

The second method
Now we wish to prove formula (2. 45) by using Rouche’s
theorem and contour integration .

First ,we shall prove the following Lemmas

Lemma 2. 2 : If C is closed contour which is defined by

CN:{p: SN‘!‘;}

Then |cot pr| < A on Cy , where A is constant.

Re p|< N+%,

Imp

Proof:Suppose that p=u + v,we consider the following cases.

1.va>%,then

|C0tpn—l 3 eip;r + e—ipn' em‘u — TV + Emu + TV
oIPT _ —IpT LU = TV _ S iTu + 7TV
< i elm—ﬂv‘+léim+7zv ' Z7V 4 TV
’ i+ ﬂv‘—leim — 0 | TV — o=V
1+e—2mv 1+e7
|cot prr] < < T¢ = A,
l1—e—2nv 1-g7

2. Ifv< —%,then
(44)



| imt—7w|+|e—i7zu+7w | ZTV 4 TV

cotpr| <

| eiW—ﬂU|_|e—i7ru+7w | g
|cotp7r|£iizzzz < :Z_: = A,
3.1 —%sm%, p=N+1-+iv, then we have
cot pr| = cotn(N+i+iv) = |cot ( —725 +imwv)|
= [tanh7| <tanh % =A,
4. If —%< 1)<1 p=-N- %+1v thenweget
cotpm| < A,.

If A=max (A, ,A,),then cotprr| < A on Cy, where A is
constant which independent on N .
Lemma 2. 3 : If |f(p)] —M— on Cy, where M , k (k>1) are

constants which independent on N. Then

lim § wcotpr f(p)dp=0.

N—oo
proof Upon using lemma (2. 2 ) we get

| § reotpmi(p)dp] <§ | meotp | | £(p)] IdPI
< 7zAM

—(8N+4), then
$ mcotpm f(p)dp=0.

CN
To prove theorem (2. 3) we can put A(p) in the following

asymptotic formula
A(p) =- SmP”pSthP” [1+0( % )] (@247
(45)




since p = 0 is not an eigenvalue , then for sinp 7 sinh p z#0
the functionA( p)is an entire function of p.
Let Dy be the disc in the p - Plane with center at the origin

and radius R = N + 1 where N is a positive integer . By

2 b
Rouches theorem and asymptotic formula (2. 47) the number
of zeros of A(p) inside the disc Dy is equal to the number
of zeros of the function sin p7 sinh prr inside Dy,

The charactristic function A(p) can be written in the form

A(p)=- SRPESIAPE [ 144, (p) ] 2. 48)
where
A (p) = - SINPT c03h£)7r+cc?sp7rsmhp7r [ q@ dt
4p”sin prsinh pr 0
+-A#(q(0)+ q(7)) + ... (2. 49)

From ( 2. 48) , we have
p*d In Ap=p*[d In(-1)+dInsinpzr +dIn sinhp7x

+dIn(1+ A (p)-dln p*] (2. 50)
Now we choose the contour C as the following
Cy = p:RepSN+%, Imp£N+%} 2. 51)
See Figure 2
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Integrating formula (2. 50) with respect to p around the
closed contour C, which 1s defined by (2 51) then

1 4 A°(p) 4 TCOS PTC 4 Tcoshpr
—¢ pr—"dp=—¢ p d *5 =% P dp
2711 SECN A(p) P= 1w § sin p7r P §CN sinh prr

+ mgew p*din (1+A(p)) dp . (2.52)

Integrating by parts the integral

ZLm' 9ch p'dIn (1+ A( p)) dp, formula (2. 52) can be
written in the form
1 A’(p) = L 4COSPT 4
27 C§NP A(p) ap= jN P sinprw P
h
+777% gﬁ p4:°§hp” 4p-ne § P3n(1+ A (pP)dp. (2.53)
v inh prr

(47)




Suppose that , the roots of A(p) are simple , then using the

residue theorem ( Theorem 1. 3 in chapter I ) , we have

5
Z pt=2 S K +lim ZPCOSPT Lo $ (k)
k=1 p—0 sin P71t k=1

. p>mcoshprm 4 3

+1im — In( 1+ Ai(p))dp. (2.54)
p=0  sinhprm 2mi jva PICP

By using L’hospital’s rule , we have

2 3
N N Ai(p), Al(p).
4 :4 k4_ 4 _ 3 Al d 2 55
& e =42 K ey PLAP-—= , 1P (259
Upon using formula (2. 49) , we get

AXNp) , AY(P)
A(P)-= ot = =
1P ) 3 i
_(sinpz ;th %L+ cosprsinhp n)ff q(t) dt+ —L(q(0)+q(7r)) +... ‘
4p°sinpr sinhpm 0 4p*
2
_lr (sinpr cohpr +cos prsinh prr) f (t) dt)2
2[ 16P6sin2P7Tsinh2P7T (I 1
e @O + () 4. ] 4
16p
Then (2. 55) takes the followmg form
_ 4 ) 1
4 Z /’Lk =4 Z K" - 27Z'l [

Cw 4sin prrsinh p7r
/4
(sinpr cosh prt + cos prr sinh prr) j q (t) dt
.0

|
+z‘$(q(0) +q(m)) +..]dp

J g(t)dt
= 4 z QA U Lo fow [ cothpr + cotpr] dp
(Q(O) +q(7m)) +1(N), (2. 56)
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Upon using the residue theorem we have

1 (p k)cospﬁ
M
%,ILI(} sin p7T

) cnshpn
+2 21 lim (P -10) op o7

, coshpm 4N
+ 1 — = L 42
p P sinhpr 7

(2.57)
Inserting (2.57)1n (2. 56) , we get

T
A kzl [lk k"’ —;J q(r)dz} i(q(0)+q(7r))+—2—1—75£ q(t)dt
+ Lim f(N)
N—eo
Upon using Lemmas (2.2) and (2.3),we can prove that
ggno f(N)=0.
Then the regularized traces for the problem (2.1) - (2.2) are

given by the following formula . ,
17 1
3 Ak~ Hadr] = S-Tawdr - § @O +qer)

2.6.The regularized sum of the eigenfunction of problem
2.1)-2.2).

There 1s an interesting connection between the eigenfunction
and the Green’s function .
If all the eigenfunctions are known , we can find the Green’s

function .
(49)



The converse is also true in the sense that knowledge of

the Green’s function G (x, & ,p ) for all complex values
of the parameter p leads to the eigenfunction and consequently
to the eigenfunction expansion. That expansion is obtained
by integrating G (x ,£ ,p ) around a large contour in the
complex p - plane .

In the following we obtained the Green’s function of
the problem (2. 1) - (2. 2) and by using it we can find the
regularized sum for the eigenfunction
lemma 2. 4 : The Green’s function of problem(2. 1) - (2. 2)
1s given by the following formula
Gx ¢,p)=g(x,8)-g(0,&) ¢, (x,p)-g"(0,&)
O3(x. pY+ 57551 £0.0)[9,(x. P)(9",(T.P) (7. P)-¢" (x.p)
¢, (7T, P)+¢,x,0)(¢” (7, p) ¢ (7, p)- ¢” (7,p) ¢ (7, P))]
+87(0,8) [ ¢, (m.p) (¢”,(m.p) ¢, (7.p)

0" (7, PO, PN+ 9, (X, p ) @7, (7, ) 65(7, p)-0" 3(m. p) P (7, p))]
+g(m,8)[ ¢, (x,p) ¢",(m.p)- ¢, (x,p) ¢”,(7,p)]
+8" (m,8)[9,(x,p) ¢, (m,p)- ¢, (x,p) ¢, (x,p)] }.

(2.58)
where g ( x ,& ) is given by formula (1. 21) , and the
functions ¢ (x,p) (j=1,23,4,7y=1,2,34)
are given by the formulae(2. 9), (2. 18 ),( 2. 20) and (2. 21).
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Proof : Upou using formula (1. 18) , with n =4 , we have

H(x,,p)
Alp)

G(x,&,p)=

where

A(P)': ¢4( T 9p ) ¢”2(7t7p) B

and

(2. 59)

¢, (7w ,p)¢”, (m.p),

o.(x,p) 9,x.p) 0.(x,p) ¢,(x.p) g (x8)
1 0o - 0 0 g (0,6)

Hx.E,P) =0 0 1 0 g”(0,8)
¢.(r.p) 9,(7.p) §(mp) P (mp) g (&)
0" (mp) 97,(m.p) 9" (mp) 9", (mp) g"(mE)
¢.(x,p) ¢.(x,p) 0, (x,p) g (x,6)
0 . 0 g”(0,8)

Cbmp) bmp) bme) g (1O
9" (m.p)  ¢".(mp) ¢" . (mp)  g'(mE)
¢ (x,p) O,xp) ¢(xp) ¢ (x,p)
0 0 | 0
—2(0,8)

¢(m,p) ¢, (mp) ¢ (m.p) ¢ (7p)
¢" (m,p) ¢",(m.p) ¢"(m,p) ¢ (7,p)

(3D




0,x.p)  ¢.(xp) &)
H(xEp)=—p,(mp) ¢, (mp) & (md)

¢” (m,p) ¢ (mp) g'(mE)

0,%p)  0.(xp)  ¢,Xp)
-£"(0,6)9,(m.p)  ¢(mp) ¢, (m,p)

o",(mp) 97 (mp) " (7.p)

oxp)  ¢.Xp)  ¢,Xxp)
+2(0,5)9 (r.p)  ¢.(m.p) ¢, (7,p)

9" (mp)  ¢”,(m.p)  ¢” (7.pP)

H(x, §,p)=g(x,8) A(p)-g(0,8) ¢,(x, p)A(p)
- 87(0,8) ¢5(x, pIA(pP)
+20.5) ¢,(X, P)(@” (T, PY (T, P)-¢” (TT.P) D (7T, P))
+9,(x,p)(¢(m,p)¢”,(m,p)
-9, (m,p) 9" (7, p))]
+g7(0,8) [ (9, (x, p) (9, (m,p)o”, (7, p)

-0,(m,p)o”, (7, p))
(52)



+¢,(x,p)(@5(m,p)d",(m,p)
-9, (m,p)o (T, p))]
+g(m &) [9,(x, p)¢”, (7, p)
-9 (x,p) ", (7w, p)]

+ 8/ (. E)[9,(x, p)o,(m.p)

-9, (x,p)o, (T, p)]
Inserting the functions H (x, &, p) and A ( p) in formula
(2. 59), we get the proof of lemma (2.4 ) .
Lemma 2.5 : For the function g( x , &) and its derivatives
with respect to x at the points x=0, 7w has the following

asymptotic formulae

o(x, &) = % [ ﬁ (sinp ( &-x ) +sinh p (x-&)

< X
+ é1—6(coshp(x—§ ) - cos p(x-))([q(Ddt - [g(t)dt)
p 0 0

3 (q(x)+q(§))(sinhp(x—g)—sinp(x—é))+..‘.], (2. 60)

+
16p’

where the positive sign being taken if x > £, and the negative

sign if x < & . For example

g(0,&) = —_;_ [ ﬁ (sinp& - sinh p&) + g}é?(coshpt,,t

3
16p7

(q(0)+q(E))(sinp E-sinh P £)+...], (2. 61)
(53)
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g(r, &)= = [ﬁ(sinhp(n-g)- sinp(n-g))

- Shsleoshp (7 -£)-cosp (m -¢)) Ta(tye
0 ¢

3
16p’

+

Q) + (&) (sinhp (7 -&) -sinp( 7w -E)) +..],

(2. 62)
But for the functions g”(0, £ )and g”( 7w, &), we have

g”(0,6) = % [ 5/1)_ (sinp & + sinh p&) _(Cospég—piosh pé)

(39(&)-q(0))(sinp E+sinh p §)+ %’%
3

£
t)dt + —!
s e

(cos P & -cosh P &)+—2—g” O)sinh P & -sin p Ex+... ] (2. 63)

16p
Proof : Using formula (1. 21) , we have
0.x.p)  0,Xp)  ¢.Xp) ¢,(xp)
0" &p) 9" Cp)  9”.Ep) ¢”.(p)
=t , ,
oW G ¢ Ep) ¢ Ep) ¢, Ep)
¢l(€’p) ¢2(§7p) ¢;(§>p) | ¢4(§’p)
¢” (& p) ¢” (&, p) ¢"” (£,p) ¢” (&, p)
9" &Py ¢, p) 0", (&p) ¢°,Ep)
W(&) = = W(4,,0,. 05 9,)
¢’ (£.p) ¢’ (€. p) ¢, (5. p) ¢, (& p)
¢,(5p) ¢, p) ¢,(&p) ¢,(5P)

(54)




where W (¢,.9,.9,¢,) is the Wronskian determinant of the
solutions ¢, ¢, ¢,and ¢, . Since the coefficient of y” in
the differential equation ( 2. 1) is equal to zero , then W(&)
does not depend on & . Therefore W(&E) = W(0) .

W(0) =W(9,(0,0).(90,0),(¢50,0), ( ,(0, p)) =1 .

Then
o, xp)  0,xp) @, Xp) ¢,Xp)

" &p)  9".Cp)  ¢”. Ep) ¢7,Ep)
1
sxO=t_lo Ep)  ¢,Ep) ¢ ¢.Ep)

0.Ep) 0, &P 0.EP  9.Ep)

Upon expanding this determinant and using the formulae
(2.9) , (2. 18) and (2. 20) ,' we get the formulae (2. 60) ,
(2. 61) and (2. 62), the Lemma ( 2. 5) is proved .

Suppose that p, = (s =1,2,3,4) are simple zeros of the function

A(p).Then p,  aresimple poles for the Green’s function
G(x,&, p) such that
R(x,¢,
G(x.&.p)=R82P G (x,&,p),
p— pk,s

where G, (x, &, p) is regular function in the neighborhood
of the points p, . Upon using the residue theorem (1.3) in

chapter I , we have
(55)



H(Xv 6’ pk,s) .

R(X,é’pk,s)=

Since

A, (pk,s)

02 (X Pg ) 93X, Pp, 5) P4(x.pp o) 8(x.8)

0 1 0 | (0,
HE py )= - g"(0,8)

¢2 (n,pk,s) ¢3 (ﬂp’k,s) ¢4 (ﬂ:’pk,s) g(ﬂ?,f)

¢”2 (n-apk, S) q)”?,(n"pk,s) ‘¢”4 (ﬂ:apk,s) g”(ﬂ’-?é)

Then for fixed &,we can prove that the function R(x , &, Prs)
satisfies the differential equation 1(R) = p ‘R,
and the boundary conditions
R(O.&.p,)=0,R"(0,&,p,) =0,
R(, &, p,)=0,R" (x,&, p,) =0,
we deduce that the functions R (x, &, p k,s) are eigenfunctions
corresponding to the eigenvalues p,

Upon using Lemma (2. 4) and Lemma (2. 5) , we have

— 1 M5(pk,s) Ms(pk,s) 2. 64
R ( X, gapk,s) A/(pkys) p_;(’s + pi’s +... ’ ( . )

where

M. (p) = % [ sinp & sinpx sinhpr cosp 7w
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- sinhp & sinh px coshpzw sinpxw

+sinhp (7 - &) sin prr sinhpx
- sinp (£ -& ) sin px sinhprw |
M, (p)= 116 Zq(t) dt [ sinp & sinpx (sinpz sinh pr
-cospm coshpm ) + sinh p &.sinh px(sinp 7 sinh o 70
+cosprm coshpm )+cosp (7 - E)sinpxsinhpr
-coshp (7 - &) sinhpxsinpr |,
and A’(p) is given by formula (2. 42)
Theorem 2.4 :The sum of eigenfunctions of problem (2. 1)- (2. 2)

are given by the following formula

Z 2 [ Ak,sR(X ’ §> pk,s) ] =0.

k=1 =1
proof :

T
Let p=p, =k[1+8 ] 6p = —gfq (0) dt,
4k 0
then

cospm =cosw (k+ §, k) ~(-)"coskm &, ,
sinpw =sinzr (k+ §, k)~ (-)" sink 7 5, ,
sinhpz =sinhmw (k+§, k) ~ —%ek”

and

coshpmw =coshmw (k+ g5, k) ~ % e
From (2. 42) , we have

N(p)=-L cospr sinhpr
Jo,

+ sinprrcoshprm  2sinpmr  coshpmw =
COSPASINh P TPCOSPT 2 p3sinh pTT

(37

jgt)de+...




2
[A'(p)]—l = P . 1——tanp75cothp7z+———s—1-r—lp—n+...
7T cos prrsinh prr P cos P7T
-2p; tankz
A’ -1 k,1 [ _ 142 5k +
[ (pk’ 1)] 7tek ™ (—1)¥ (cos kmd ) I—tanknd P, .
(2. 65)

plil R(Xa§9pk,1) =

_ng,l [M5(X§’pk,l)+Ms(Xé’pk,l)_*_ :l
(=) e cosknd, ,021 pil

2 T
1~—tank7z:5k+ ﬂ:p/d tan kmwox + 2 lil .[Q(t)dt—l'-"jl (2 66)

where

2 . . :
Ms(x.&,p, )~ 5 sinpe, x sinpy, (1) (5) ¢ cosphnd,

1 . :
PZ,IR(X,f,Pk,I )~ - % pk,ISIHPk,IXSIHPk,Ié ( 1- tank7ms),

we note that p, , =- p, ,, then

1 . :
p,i?,R(x,é,ka ) ~ o pk,lsnlpk,lXSlnpk,lé (1- tankﬁgk)’

by the same way , we have

pi R Ep, ) =- pi,RxEp,,) . then
o 4

3 X[ PLR&xEp,, ] =0
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CHAPTERIII

REGULARIZED TRACES AND SUMS OF
'EIGENFUNCTIONS FOR PERIODIC BOUNDARY
CONDITIONS

3.1. Introduction .

In this chapter we will investigate the asymptotic

9

behaviour of the eigenvalues of 1(y) = A y for large '),

where 1(y) is a linear differential expression in the form

IM=y?®+qx)y,0<x <7 - (3. 1)
and the boundary conditions
Um=y@-yO=0,
U,y=y (@ -y 0)=0, (3.2)
U, (m=y"(m)-y"(0)= 0,
U, (y)=y"(m)-y" (0)=0,

Also we shall calculate the regularized sums of
eigenfunctions of the problem (3. 1) - (3.2).

First , we put A = p* ; the equation 1(y) = Ay takes
the form

yYP @ +qx)y=p'y (3.3)
We note that theorem(2. 1) and lemma (2. 1) are holds.
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3.2 . Asymptotic behaviour of the eigenvalues of
problem (3.1) - (3. 2).
Theorem 3. 1 : Adifferential operator of the fourth order

which has precisely denumerably many eigenvalues , whose
behaviour at infinity is specified by the following formulae
(1) If pe T,, then

Peo~ (-1+1) (k+ 1) |1- fq(t)dt+0(—6) (3.4)

167r(k+411)
(2)If pe T, , then
~1(k+4) 1+ — Jq(r)dz+0( ) (3. 5)
47r(k+4)
(3) If pe T, , then
P, ~(1+i) (k+ 4) 1—- — Iq(t)dt+0<—g> (3. 6)
| 167r(k+Z) k
4)If pe T,, then
pk3~(k+4) 1+ I Jq(z)dz+0( 6) (3.7)
| 47r(k+4)
(O)If peT,, then
~(1—1)(k+4) 1- - Jq(t)dt+0< —9| (3. 8)
167r(k+4) K
Prs~-i(k+ 4) 1+ Jq(t)dt+0( 6) (3. 9)

47r(k+ e

6)If pe T, then
(60)



(1) If pe T, then

peo=- (D) (k+ 1) [1-——L_Tq@dt+0ck|  (310)
’ 16m(k+4)"" k
8) If pe T,, then
per~- (k1) |1+ —LTq@dr+0cy 3. 11)
4m(k+4)"’ k

Proof : Upon using formula (1. 12) in chaptr I, we have

u@) U) UW) U@,
A(p) = u.o) U) U.@) U(9)

u) US) Up) U
uw) Up) U U)

(3.12)

But from (3. 2) and the conditions (2. 8) , we get

U(¢)=9¢, () -1,U2(¢l)=¢>’l(7f),U3(¢1)=¢”1(7F),U4(¢1)=¢l’”(7r),
U.(0.)=0,(7),U.(¢,)=¢’ (7)-1,U,(9,)=¢" (), U($,)=9"(m),
U9)=0.(7).U(9)=¢" (7), U3(¢3)=¢"3(7f)-1,U4(¢3)=¢7:”(7f),

U(9)=0¢,(7).U(9)=¢" (7),U(¢,)=0" (7),U.(9,)=¢" (1)-1.

(3.13)
Substituting (3. 13) in (3. 12) , we have the following formula
for A(p)
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¢ (r)—1 ¢, () ¢,(m) ¢.(7)

¢, (1) ¢ (m)-1 ¢, (m) ¢(7)

A(D)= | (3.14)
(p) ¢//l (75) ¢//2 (71«') ¢”3 () —1 ¢”4(7f) .

¢" (7 ) 0", (m  ¢"(m) ¢”.(m-1
Now inserting the values of the functions ¢’(x), (k=0, 1,
2,3;3=1,2,3,4) from formulae (2. 9), ( 2. 18), (2. 20)
and (2. 21) into (3. 14) , we obtain the following equation

for the determination of the eigenvalues is given by the

following formula .

A(p) =4 +4 coshp 7 cosp 7 - % (cosprm + coshpr)
_ COSpPT

5 ( sinpr sinhpm + cos prr coshpr) +
COSIZIP T (sinpr sinh p7 - cospr coshpr) +
T
Jq(®)dt , .
016—p3_ [ 12 (sinhpr - sinpm) +

16 (coshprm sinpr - sinhpw cospr ) -
coshpm sinprm (6 coshpr +2cospr ) +
sinhpr cospm (6 cospr +2 coshpr ) |

+ (9(0)—g(m))
32 p4

[6 sinp7m coshpr(sinpr+sinhpr )
-6 sinhp7e cos p(sin prr+sinh pn)]+0(%)=0 3. 15)

The equation (3. 15) can be written in the form
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Ap)=§ wPT {c;k>+%+cg“+..}. (3. 16)

Let I' be the complex hull of the points &\, &5, at”, o,

(0) ——(0) —7(0)

os', os, 07, and o . It 1s easy to see that the zeros
of A(p) asymptotically coinside with the zeros of the function
F ( p) which is given by the following formula

F(p)= 21 g P {—<k>+C; +2:’+ } (3.17)

where

al=2+i, a0 =1+2i, a”=-1+2i, g¥=- 2+,

—(0)

s, =-2-1, as= -1-21 a(‘”-—l 21,005 =21,

' =¢r =0 =¢"=- ( 1+1),
=0 = =@ ._-C—<6>_ =6 = _ 16 (1-1),
=0 = (3l+1) g g(t)dt , 72 = (3+l) g q(t)dr |
= = (3+0) 3+l) £ g(t)dt , = = ( 1+3l) j g)dr |

=0 = (=1-3) 1 3l) j gt , 76 = (= 3 ’)Jq(t)dt

o = l+3>gq<r>dr v = o 3’>gq<t>dr
e = g% =g = g= A0 4040

5D =W = 56 = ;0= 3(1%§_l)(q(0)—q(ﬂ:)) (3. 18)

see figure 1 .
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Using formula (3.17) , we shall obtain asymptotic formula
for the eigenvalues in the following sectors
(D) If peT,, then (3.17) takes the form

. () _(D) . =(2) I_(Z)
g§o>p7r{an+c_3+%+“}+ Q%O)pn{éﬁz#&drc‘g +..}=0

P> p p> p
(3. 19)
Formula (3.19) can be put in the following form
Y
~(2) ~(2)
cO+El + 8 4
(o-opr___ p3 p
ch+E2 4 5y
03 ph
~(2)
@ -o)prw = 2k + 3y zi+ln (1 + +-C2_ 4+ )
2 E@PB ‘
“In(1++-C2 4 )
cihp’
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using formula (3.18) , we have

o ol 1 (g0 Fo
1-) pr= Qk+ 7)) mwi+— (€2 _Caly 1 1657 Gty
(D p ( 2) : {C(z) c&‘)} P {C(2) ae

. 1—
Pra- (-1 +1) (k+ ) 167r(k+

g g()dt + 0(

(2)If pe T, , then (3.17) can be written in the form
ggo)pn{—(3)+c2 +Cg3)+ }"I" g%o)pﬂ:{gg)_kg(zz)_'_cg”_l_ } 0

I & p3  p
(3. 20)
Formula (3. 20) can be written in the form
(3)+ C(23) +
2—&0) a(o))pﬂ: _ _ p3
— . C(zz) 4
Cl e
p3
=(0) _ — _ l . co
(@' —a©) pr = (2k+ ) mi+In(1+ 5s3>p3+"' )

(142 4y,
PP’
upon using (3. 18) , we have

2p7 =(2k + 1) i+ {@—?ﬁf} o

plep 2
Pen i (k+ Dy (14 - Iq(z)dt+0<
47r(k+ 4)
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3)If pe T, , then (3. 17) takes the form

9‘&0)’)”{ e+ B }‘F Q‘EO)pn{—(“”rcz 4O .-}ZO

p>  p P> p
- (3.21)
Formula (3. 21) can be put in the following form
s+l |
(P —orpPr — _ 2
~34C2 4
p3
(a<0> —o ) pr=(2k+ D) mi+In(1+ - 4.)
2 C(4)p3
(14 Sy,
cPp?

using formula (3.18.) , we get

(1+i) pr=(2k+ 1) 7ri+i3{5—@—i23)}+.,.

plem ew
- (L+1) (k+ ) 1= g+ 0
167r(k+4)

(4) If pe T,, then (3.17) has the following equation

g Pr {gg4>+@+..}+ g Pr {5g5>+5_553+...} =0 (322
p3 p3 .
Formula ( 3. 22) takes the following form
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~(5)
O+ 4

@o—geer _ L p
co+CE 4
p3
(aio) _520)) pr=(2k+ %—) i+ In(1+ s | )

cp?

SIn (14 S 4y,
ciop’
from (3.18) , we have

2mip =(2k+ ) ni+%‘§9—¢}+...
p e ¢

k3~(k+%) 1+ fq(t)dt+0(

47r(k+ o

(5)If pe T,, then (3. 17) can be written in the form

gcg‘”f’”{—mcz +.. }+ g P7 {—<S>+C° } 0. (3.23)
p? p?

Formula ( 3. 23 ) can be written in the following form

O+ 4
(- P . P
p3
()
@O—aAPIPT _ oxs Yyzivme1+ <2 4.
2 C(6)p3

SIn(1+-S2 4.y,
cPp’
using formula ( 3. 18 ), we get
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(-1+i) pr=(2k+ %)ni+%{§g—)—¢}+...
P le® ¢®

Tqr+0cty|

o (1-1) (k+ X 2

7 167r(k+1

(6) If pe T, then formula (3. 17) takes the form

g Pr {5§7>+@+...}+ g Pr {5§6>+Q®+..}= 0. (3.24)
p’ P’
Formula ( 3. 24 ) can be put in the form

Fn+C 4
(@ -a"PT _ S
cO+C 4
p3
oo -oMpr = (2k+ -1_) i+ In(1+ cy’ +...)
g p 2 —(7)p3
| 3
_ e
In(1+ E§6>p3+m )
Using formula (3. 18) , we have
2rp =(2k+ %) 1+ i3 {égﬂ_?_g@} + ...
p lct” c©
. 1. |1+ fq(t)dt+0< )
Prs - ~1(k+7) 47r(k+£11) '

(7) It pe T, , then (3. 17) can be written in the following
form
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g%O)pn{Ei7)+i?+"}+ g%O)pTL' {Eﬁs)-l-—c_iz)'l‘...} =0. (3 25)
p P

Formula ( 3. 25 ) can be written in the following form

E(S)
cEO+E .
(0~ D) PTT 3
206(70) o )P _ P
_, CY
ci+=2+...
p? .
~(0) | 1\ c®
(@ -apr= (2k+ 2) wi+ In(1+ +...)
2 o P’

3%

cip’
upon using formula (3. 18) , we have

(-1-i) pr=(2k + %)m+i3{5_5.83—@}+...

-In (1 + +...),

plep &
. 1, |1- J q(t)dt+0< 2
() G+ 2) 167r(k+41t) k

(8) If pe T, then (3. 17) takes the following form

g§°>P”{5gs>+5_583+...}+ g P {5§‘>+§_Q+...} =0. (3.26)
p3 p3
Formula ( 3. 26 ) takes the form

(D

cO+E ¢+
(o@-a™pr _ __ p
co+C 4
p3
(e -a&)pr= (2k+ %) Ti+ In(1+-C2 4 )

cp’ i

SIn(1+-S2 4.y,
cop’
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using formula (3. 18) , we have

-21pr=(2k+ %) 7ri+lj {5_9)—@}+

p (c® c¢c®
Pe7 ™ (k+1 |1+ Jq(t)dt+0<
© 78 4n(k+}1)

3.3. The regularized traces of problem (3.1) - (3.2).
Now we define the so called “ regularized trace *“ . The main
role of this section is calculating the regularized traces of
eigenvalues of problem (3. 1) - (3. 2) .

We shall calculate the regularized trace of the problem
(3. 1) - (3. 2) by using the following methods :
The first method . Let us assume that q (x) is an infinitely
differentiable function . Then from theorem (3. 1) by raising

both sides to the power 4 , we have

1
po.= o (k+ %)4 1+ 7 —(J)q(t)dt+ :
orf(k+-)" "
(s=0,1,2,..,7) . S (3.27)
From ( 3. 27) , we deduce that ¥ i p,. diverges , while
k=1 s=0 ’
T
S |3 pi 120+ =Blgmar | (3. 28)
k=1 | 5=0 To

converges , then we shall evaluate (3. 28) by the following

theorem.
(70)



Theorem 3. 2 : The regularized traces of probiem (3.1) -

(3. 2) are given by the following formula

[ o]

7 4 1 4 8 T 4 T
Y | X Pe,+12(k+=) ~=] g()dt |=-12(qO)-q(m)+= [ g()dr.
§=0 4 7T 0 TOo

k=1

(3. 29)
Proof : Upon using formula ( 3. 27) , we get ,
oo (s)
Prs=> —_?2“2”_4 | (3. 30)
n=0 (k+Z)
where
O— 4 A~ o _ 1 ’f
Q=as Q° =0, Q) = T Oq(t)dt,...
We define the function vy, ( - 4 ) as follows
o 7 4 2 O(ZSI)
Vo4 =X 2 |prs- 2 ——— |FZ(-4)-¢,(-4) (3. 31)
k=1 s=0 =0 1 21-4 .
k+—) :
4 N

where | Z( 4)_ w, , and

6.H=% Qu & —1—_ 3 L4l
= k=l (k __) 21-4 |

LA
Qu - Y, Q. then

§s=0

_ 1 1
0,(-4) =Q,¢ (- 4’Z)+Q2§(;2’Z)+Q4C (0,4) = 7
but Q4 _ i EI.S)z % .(EQ(t)df’

5=0 4 .
then ¢, (4) = - 2 g g(t)dt
Since Z (-4 ) =w, =-12 (q(0) - q(7r)) then formula ( 3. 31)
takes the form

v, (-4)=-12(q(0) - q(ﬂ))+ Iq(t)dt
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Then

00 7 -
2l 3 Pl 12 (k+21[)4'-,8f J gyt ]
=-12 (Q(O)"q(ﬂ'))+ —;4—-1_— gq(t)dt

Since }; ;= pZ‘ ;-.then the last formula can be written in the form

5 (3 Awe+12(k+ b8 Tgoar ]

k=1 S=
T
=-12 (q()-q(m)+ = lgoar.  (3.32)
The second method .
Now we wish to prove formula (3. 32) by using contour integration.

First , we choose the contours CS\S,)( s=0,1,2,..,7),see figure 2.

'y
<
—(0)
o a4
2) A 0
oa'® \ —(0)
4 (04 N
' D
_____—»
cOT < > X
N
—(0)
o
_(0) 8
s 6
C(4) o) Y > N
N = 5 —(0
O Cgv) 05(7)
>
Fig. 2



From formulae (3. 16 ), (3.17), (3.18) , we have
(DIf pe T, , then |
A(p)= (_(” TOPT 4 oo QPP )

+i3 (5(21) gimpn‘ L E® g;mpﬂ: )+

p ..
Ap)= FO(p)+ ff/;(P) N fZ(ZP) .
A — 0 f(O)(p) f(O)(p) } 333
= FOp) [+ D]
where
fOp)=c" FUPTLE® TPT A (p) = ff(o(f()[)))
The zeros of the function fg))( p) are
pk,O:(-1+i)(k+%). (3. 34)

Then
7 P’ 410 AP) =5z {0t dln £0(p)
1 4
+ T i%’)p dln[ 1 +A1(P)]

Since
2_15 §,,p*din A(p) =5 $,P dIn f(p)
i 7_5 iw)p3 Al(p)-%@ ~]dp, (3.35)
and
foP dInAPD) = 3 2, (3. 36)

1 4 (0) LA N 1.4
7 boPtdln f{ (p)_%7p3§,0——4,;)(k+z) (3.37)



= 4,0 AP)dp=-4] kﬁo

g f‘°’(£k0) +.. ]

k()f (p ko

—-4] = Jq(t)dr+~—(q(0) q(m))+... ]

47r k 4
=1 gqa)dz kio 1-2@0)-q(m) +..  (3.38)
by substituting (3. 36) , ( 3. 37), ( 3. 38) into ( 3. 35)

we have
20 pko 42 (k+4) +— Jq(t)dt 21
--2—(q 0)-q (7)) +fo(N) - (3.39)
(2)If peT,, then
Alp)= (T FEPT 1gp GYPT
+ L (e AP o0 AZPT )4

_ ) £ fp)
A(p) f() (P) { pfm(p) pfm(p)

The zeros of the function f(l) (p)are Pri = 1 (k+%)_ (3.41)
o= §ptdin A(p)—— $,P dln O (p)
4P Ap-A2. Jap (. 42)

(3. 40)

Since

1 X4

e §.ptdIn A(p) = > Npk,l, 6. 43)
_2% §,p*dIn fO(p) = > (k+%)4. | (3. 44)
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And
~2 % piacprap=-4[ ¥ (L £ (e 1 (o) ) + L5 0]

i

LN &0 1y (o ) Prpf ,:)(pkl Jo O

N

=-4[ = X gq@m (q(0)-q (7))

Hor @O-a(m) 3, -] (3. 45)

b (k +z)

then by substituting(3.43),(3.44) and (3.45) into(3.42),we get
N . N N %

S Pu=3 <k+l Y+ LS T -3 @) -qm)
k=0 k= k=0 .

ter @O -a(m) S ot fm (3,46
k+Z
Q) If pe Tz,then

—(0)
A= ET g0

4P )+ (”W ay’ pr + " a(40)/)7r )+...

We can rewrite A(p) in the following form :

_ O ) - fp)
A(p) = £ <p>[ S0 L } G4
Then

iw pidin A (p)= - = doptdIn £P(p)

2 i%)p [ap)-A8P)y Jap, 3. 48)
but the zeros of the function f 82)( p) are

po=(1+D)(k+7) (3. 49)

Since
§,P* dIn A(p) = ﬁ oL, - (3.50)
s $ptdin 1P (p)=-4 > (k+7) (3.51)
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And

3)

{3 (b, F2 (o) ) 1(0)

4
5 éﬁ)PSAl(P)dP ]

k=0 '(3)(Pk 2) Pr2f m(Pk ) fo (0)

715 ﬁ J q(t)dt- (q(O) -q(m)+ £, (3. 52)

Then by substltutmg (3 50) (3. 51) (3. 52) into(3. 48),we

have

N _ 4 lva 1 &
kzopk,z——4kzo(k+z) o 2

o=

ad- 3 (q (0)-q()H+ f,w
(3. 53)

4 If pe T, , then |

Ap)=(zi? TEPT 4o Ty, 3(—“" TP L ED TIPT Y,

The function A(p) can be put in the following form

Ap) = £0 Lo Lo |
(p) = f€ <p>{ S0 L (3. 54)
Then

JoptdIn Ap) =5 §.p*dIn 0 (p)
— iﬁ)fﬁ Al(p)———Af(p ).. ]dP (3.55)
the zeros of the function f(3) (p) are p,,=(k + % )(3 56)

Since

s §ptdIn A(p) = z i, (3.57)
1 4 ® (p)= - 1\

o b Pt dIn £ (p)= 3 (k +5)°, (3. 58)
and

(2) (2)

2 N (p (2)(p ) fz (0)
-= 4 PP M@P= Y (St ]
o P [k=0( s prat’, (pry) 1O
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712:" s gq(t)dt—%(q(O)—q(ﬂ))—%E(q(()) _q(m)3

kO(k+1

k=0

The substituting (3.57), ( 3. 58) ( 3.59) into (3. 55) we have
> P z (k) +1 Iq(r)dz- 5 (@ (0) - q(m)

16” (q)-q(m) )k}:O (k+l)+f3(N) (3. 60)

O)If peT,, then
—(0)

) g9Wpr 6 =® 1, ¢ ) _(6) T
AP)=(ci” @5 PT +l® = PR Y — (& Fs PP 45 Fo PT )i

The function A(p) can be put in the following form

A(p) — fgl)(p) !: f(4)(p) f(4)(P) } ' (3. 61)

PRP PP

the zeros of the functionf W p) are
=-(-1+1)(k +4) (3.62)
Then
5§, pdln A<p>=2—1,5 § o0t dIn £ (p)
_% iw)p3[Al(p)-A@+...]dp (3. 63)

Since
s bt dIn A) = 3 pi, - Ges
1 iﬁ)p“dln FO(p) =-4 Z (k +1 ) (3. 65)
and
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2 1 X f 3
-2 iwﬁm(p)dp—ﬁ% (J)q(t)dt -2@©@-q(@)+... (3.66)

Then substituting (3. 64) (3. 65) (3 66) into(3. 63),we have
Z P = -42 (k+ Y+ Jq(t)dz

kO

jmm»mmnﬁw> - G6)
(6) If pe T,, then

_6) g _n g0 1, © 9 _o T
AP=(e” §oPT va” TTPT Jeag(” T PT 4 TP )

The function A(p) can be put in the following form

P = 120 1 L0 ) |

the zeros of the function f ®) (p) are

Prs= ~1(k + 7 L (3. 69)
Then
2m %94 dIn A (p) = i%)p“ dln f&
27a i%)ﬁ [ Ai(p) - ... ] dp(3.70)
Since
1 4 _X 4
o P dln A(D=3 pi. (3.71)
oz Pt din 19 ()= % (k4 1y (.72
and
-%; isé)ﬁ:“ Ai(p) dp=% k\fo l gy -i (q 0) - q (7))
(q(O) q(n))z 1 +...(3.73)
<0 (kt+)

(78)



Then substituting (3. 71), ( 3. 72),(3. 73) into(3. 70),we have
N N N T

S Pis= z (k+3)'+ £ % Iq(t)dr -3 (@ ©0)-q(r))
k=0 k=

QO-amF (L erm 6.7
Tor @040 ('“"411) |

(1) If pe T, then

0) —(0) 1
Mp)=(el” F7 PP g TP —

N g ., w>‘4m T
(2 Z T L& Pt PT)+...

The function A(p) can be put in the following form :

A 3 (6) f(é)(P) f(6)(p) } 3 75
the zeros of the function f (6)( p) are
=-(1+1) (k+4) (3.76)

Then
1 1 6
sz bpP*dIn AGP) = o p*dIn P

‘sz_i oP’l M(p) -] dp(3.77)
Since ,

1 441 _ & 3.78
57 bl " AP)=2 Pis (3.78)
s boPtdln £9(p) =43 (k + ) (3.79)
and
] _2_% §00° AP dp=1 ¢ S q(0)dt-3(q(0)-q(m))+ ... (3. 80)

Then substituting (3 78 ),(3. 79), (3. 80) into (3.77),we get

N o4 N N 7% 3
2z ;Ok,6—-4k§O (k+ 4) /;o g(i(;;dr—j(q(O)-q(ﬂ))+ fm@3. 81)



8)If pe T, then

_®) g L @9 or _® g®pr _ g@prx
AP=(z® T8°PT 4 TP M L@ Ty Ty TU Py

The function A(p) can be put in the following form :

_ D rp)  fp) }
A(p) = ¢ <p>[ e s L X

the zeros of the function f; (D(p) are
_ (k +4) (3. 83)
Then
a7 Pt din A= fpt din £ (p)
_ _2% ig)[ﬁ [ Ap) -...]dp(3. 84)

Since

se: boPtdn A= 3 pi. (.83
2w boP A £ (p)= X (k + 1) (3. 86)
and

2 v
= iﬁ)psm(p) dp:l Jq(t)dt - 3 (q)-q(m))

o 3 (a0ratm) > (k+1)+f7(1v>

(3.87)
Then substituting (3. 85) (3 86) (3 87) into (3. 84) ,we get
> ply= X (k)i L Jq(r)d 3 @©-q(m))

k= O kl(\)/
Y + fon . (3.88)
=0 k+ !

+2- @ (0)-q (1))

>

4>-p—

(80)



From formulae (3.39), (3.46), (3. 53.), (3. 60), (3. 67),
(3.74), (3. 81) and (3. 88), we have

N 7 N 1 & N
> Y Ars=12Y, (k) +2 Y
i=0 =6 =0 47 TS

Jq@dr- 12(q(0) - a(@)+ f QD)

(3. 89)
where

fON =3 £,

fa®=2L ¢ { 2(0()’(”) dp +..
Now we shall prove that lim fon =0
Since
L. | i fZ(O)(p) dp _ 2 { l [ f(O)(O)f//(O)
TP 3 W(P) 2 ()

IO oo f"°’<o> ISOVREOR f”‘”<0>f’“°) 0)

£:20) [ © fio, (0) fio ©)
. g f %k 0>W 1(pg ) L9 f (1?Pk,o)f ,;()Pk,o)
k=0 Pk oV, (Pk 0) Pz,o l//lz(pk,o)
L, S (P) ] (3. 90)
P;c,o‘//f(Pk,o) |

(81)



Where
[P =(p-p v, (p)

Since
0 (0)=-g. f7O)=-ZLH D0y = T2,

OEE gq(r)dz,f'f“(O) =- 10 (gt |

0

lr? (-1+1) Jq(r)dt () =0,

27(0)
0) =
EORE:

O (p, ) =-C )jl+l) Serbr
0 2 1
f//() (pko) — 3z ( ) l 53(1“‘4)7r i
42
. 1 3(k+ T
1 (p= (;213/— jawa

and

Then subst1tut1ng (3 91) into (3 90) we have

L 1) g p=2{& Jq(z)dz[ 44- 49 + 224 + 56 - 192]

P f(p)

T
3lqar 1

d
* 327r /;) (k + )3 647:2'[q(t) tkzo (k + ) }
let N— oo | then we get
i fZ(O)(p)

N—)oo s\l) 3 2(0)( )

; ]
=2{- _7%_ PO + g J g(0)dt . :

0 k=0 (k+ ) 3

(82)



i 1§ S0

v ey P20 ST | qyds +

372 22 | _
= g gt + g g(t)dt } =
From the last formula , we have
lim f, =0.
N—oo
By that same way ,we can prove that }]im f.an =0(s=1,2,..,7)
—>o0
Then so as N— oo | formula (3. 89) takes the form

> [ Z Aks +12(k+4) 8 = laar ]

k=1 s=0

:_ﬁ gq(z)dt -12(q0)-q(m)).

3.4 . The regularized sum of the eigenfunction of problem

3.1)-3.2).

There is an interesting connection between the
eigenfunction and the Green’s function . Hence , in the
following we obtained the Green’s function of the problem
(3. 1) - (3. 2) and by using it we can find the regularized

sum for the eigenfunction .

(83)



Lemma 3. 1: The Green’s function of problem (3.1) - (3.2)

1s given by the following formula

G(x,&, p)=HESD)

Alp)

A(p)=4+4coshp wcosp 7 - %(cosp,n’ + coshp )

- C082p7l' (sinp 7 sinhp7 + cosp 7 cosh p )

+ cosgpir (sinpmwsinhpw - cospmw cosh p )

Tq()dt

16p°
+ 16 (coshp 7w sinp 7 - sinhp 7w cosp )

+ [ 12 (sinhpr -sinpm )

-coshpmw sinpmw (6 coshpmw +2cosprm)
+sinhp 7w cospmw (6 cospm+2 coshpr) ]

+ (‘1(03)2—‘{1(”)) [ 6 sinp 7w cosh p 7w( sinp 7+ sinh p 77)
)

- 6sinhp 7rcos p 70 (sin p 77+ sinh p )] +0 (L),
P

Hx,E,p) =

o X ¢, X ¢ X ¢ x) gx&)
om-1 ¢, () ¢, () ¢, (1) gm8E)-g0.5)

¢//l1 (n.) ¢/I/2 (7[) ¢”/3(7T) ¢”/4 (75) _ 1 g”/(n.,é)_g”l(o’é)

¢’ (m-1 ¢'5(n) ¢, (1) gmb-g08 |(392)
¢”2(ﬂ:) ¢”3(7[)_1 ¢,’4(7l') g”(naé)_g”(oaé)

(84)



Lemma 3 . 2 : For the function g (x, &) and its derivatives

with respect to x has the following asymptotic formulae

g(x, &=+ o 2%3 [ sinp(&-x) +sinhp(x- &)]

q(t)dt[coshp(x—éj— cosp (x-&) ]

Oty d Ot—— Ut

: 1g®dt [ cosp (x-E&)-coshp (x-&)]

16p7( q (x) + q(§)) [ sin p(& -x)+sinhp (X -]+
(3.93)
[ coshp (x-&)- cosp (x '5)]

W,

g (x, &=+
:

p’
[

sinp (x-&) +sinhp (x- &) ]

> o

gt [ (sinp (x-&) +sinhp (x- &) ]
* T (400 +3(8) [coshp (x-§)-cosp (x-8)]
+ "16%7 g’ () [ (sinp( & x)+sinhp (x -E)]+...  }(3.94)
g (x, &)=+ 1{217 [ (sinp (x-&) +sinhp (x- &) ]

q(®)dt [cosp (x-&) +coshp (x-&) ]

Ot H’ Ot— ¢

i g()dt [cosp (x-&) +coshp (x-¢&) ]
“Toy @ 3@ [ (sinp (x- &) +sinhp(x-£) ]

(85)



o o £ -6

+ 163p7 q”(X)[(Sinhp(X _5 ) _Sinp(x—é )]+,.’. } (3 95)

and

g7, &)= £ L [eosp (-8 wooshp (- £)]
g‘};@ iq(z‘)dt [Gsinhp (x- &) -sinp(x - £)]
8%03 Zq(t)dt[ (sinhp (x-&) -sinp(x-&)]
s G- [exPUx-By o cohp (a-
+ 163p5 g ()[Ginp x-E&) +sinhp(x- &)]
Fds Lo by e c-6))
3

+16p7 q"” (x)[sinhp (x- &) -sinPp(x- E)]+..}(3. 96)
Suppose that R (x , &, p,, ) is the residue of the Green's
function G(x,&,p) at the points p=p,,(s=0,1,2,.7).

Upon using lemma ( 3. 1) we have

. (p=pp DHXE,P) H(xE
R(xE p,)= i ks oo
P“>Pks A(P) A (pk,s)
We can obtain A’ (p,,) by differentiate formula (3. 15) with

respectto p .

(3.97)

Theorem 3. 3 : The sum of eigenfunctions of problem (3. 1)

- (3. 2) are given by the following formula

5 % [l Rix Ep,,)]=0 (3.98)
B (86)



Proof :

(1) If p, e So, then
22+4
Upon using formula (3. 97) , we have
eajpk,o 1

4 - 4 |
pk,o R(x, g’pk,o) pk,O { m(—1+3i) [ W

x X &
+ ﬁo (oqJaadr + [q@ar - [qwar )

(244D
640
P.o eO‘J’Pk.o
167(—1+ 3i)

Pg,o R(x, é’pk,o ) ~

where
a=x+&-m, a,=x-¢

2)If p,es,, then

A(p, )~ Te(-3+1) 1-20%Pu [14 (2422) I q(t) dt

40Pk,1
3
t)ydt +.
47rp g q(t) -]
Using the forrmula (3.97), we get
4 4 éiOijk,l ;

R(x, &, ~ —
pk,l ( épu) pk,l { 71'(—3+i) [ 16p2,1

(2i+24)"

+ p}?,l[ 640 _[ q(t) dt +—6-11(-(2+i)j q(t) dt

I q(t) dt+J qt) doy+(CZE20 [[aajs..)

4 l _
pk’l R(x, é,pk’l ~ 167t(/ikf’51+i) elOCJPk,l

(87)

gy 2240 zq(t)dt)2+...]}.



3)If p s, , then

A(pk2)~7z«'(3+1)—(1+21)7tp 2 [1+ wn

q(t)dt
40 Pk 2 g

3
4ﬂp gq(t)dt+ -]

Using the forrmula (3.97), we get

_io
z J P2

P, R E.p,, ) ~ip,, 167G3+1)

(4)If p,eg, then

A’ ~ TA+43D) —@+dmp,, 1. (4=100) 10 T oetdt
(Pe)™ =1 [ 4001, g q(t)
3
q(t) dt +.
4rp; 0 | g
Using the forrmula (3.97), we get

_05Py 3

Pis€
1671+ 3i)

+

4

pk,3 R(X’ é’pkﬁ )
(5)If p,es, , then
A,(pk,4)~ 71'(1—31) (E2+i)7rpk,4 [1_(—12+14l) ]E q(t)dt

16 40P2,4
3
t) dt +.
4np gq() . ]
Using the forrmula (3.97), we get
_OJPra
Py 4€ \

4
R b b ~ ; . 1
pk,4 (X é pk,4 ) 1675(1"‘31) ‘
6)If p, €5, , then
A’ (pk5)~ 71'(36 l) ( 1+21)7tpk5 [1+(10 201) J‘ q(t)dt
Pks

3
+ 0 dt + .
dmp, gq ]
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Using the forrmula ( 3 . 97) , we get

10§py; s

Pis R, &.p, ;)

(1) If p,€s, , then

A’ ~ _T(3+D) S0P, g (104+20:) * 0\dt
e T [1- 400, g q(t)

3
+ qt)dt + ... ]
4r pk6 j
Using the forrmula (3.97), we get

1O Py 6

4
Pre RX, 3 +Prs )
(@) If p,es, , then

/ —_ T(1+30) (2 20+10i
AN(p,.) _(_1_6_12 QR+)rp,, [1 %@7—) j q(t)dt

3
+ q(t) dt +.
Arp,, J .

Using the forrmula (3.97), we get

4 D, e Qj Py 7
R(x, &, ~ R
Pr7 R 6Py ) 167(3i +1)

We choose o if (x+E>m, E>x)or(x+E>m,E<x,

2> 7 ), while we choose a,if (x+ &> 7, E<x, T >2&)
or (x+é<m,E<x)

But 040 =-Pras> Pra ™" Prs> Pro=" Prs» Pes =" Pir

so we have :

$ 3 [pf R&x.£.p,)]=0.

(89)
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