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INTRODUCTION AND SUMMARY

One of the important problems of Modules and Ring theory is the
determination of the structure of Modules (Ring) satisfying the descending chain
conditions on submodules (left ideals) , such Modules (Rings) are usually called
Artinian Modules(Rings) after E.Artin (1893-1962) who first realized their
importance. The successful study of such class of Modules and rings pointed out
that a theory of more general Modules (rings) is possible. In this work we study
those modules (rings), which satisfy certain chain condition of a descending
type, leading to a new class of left Quasi-Artinian modules (rings), which
possesses several of the main properties of left Artinian modules (rings). The
condition required is the following:

Let R be a ring without (Possibly with) identity, and let M be a left R-

module. We say that M is a left quasi-Artinian if for every descending chain

N; 2 N, o ... Of R-submodules of M, there exists m e Z* such that

RmNm c N, ¥vn.

If RR Is left quasi-Artinian, we say that R is left quasi-Artinian ring.

Chapter one is devoted to fix a number of basic definitions, and list some



Well-Known results in ring theory which are used through this dissertation

Chapter two of this thesis consists of three sections. In the first one we
give definition and examples of left Quasi-Artinian rings and module , which is
generalization of left Artinian modules (rings) it is also a generalization of
nilpotent rings , then we consider the problem of finding some condition which
are equivalent to the definition (Theorem 2.1.5 & Corollary 2.1.6) . Next, we
study the relation between left Artinian and left Quasi-Artinian modules, in
particular we show that if RM is left Artinian, then M is left Quasi-Artinian
(Theorem 2.1.7). Then , we show that the class of left Quasi-Artinian module is
S-closed (Theorem2.1.9), Q-closed (Theorem 2.1.10) and E-closed ( Theorem
2.1.12) while the class of left Quasi-Artinian rings is neither S-closed nor E-
closed but it is I-closed ( Theorem 2.1.14 ) and Q-closed (Theorem 2.1.10).
Finally, we show that also a finite direct sum of left Quasi-Artinian rings is a left
Quasi-Artinian ring ( Theorem 2.1.16) .

In section two, we study the ideals structure of left Quasi-Artinian rings.
First , we generalize Brauer's Theorem concerning Artinian rings and
idempotent elements . In particular we prove if I is a non-nilpotent left ideal in a
left Quasi-Artinian ring , then | contains a nonzero idempotent (Theorem 2.2.1),
we then show that if R is a semi-prime left Quasi-Artinian ring and | is a nonzero
left ideal of R, then | generated by a nonzero idempotent element (Theorem
2.2.6) also , we show that R is left Quasi-Artinian ring if and only if R is a direct

sum of left Artinian ring with identity and nilpotent ring (Theorem 2.2.8).Also



we prove : If R is left Quasi-Artinian ring and | is a minimal ideal of R then
ann(l) is a maximal ideal of R (Theorem 2.2.12) . Next we characterize the
prime radical in left Quasi-Artinian ring (corollary 2.2.15). Finally we show that
if R is left Quasi-Artinian ring, then there exists a finite number of distinct
proper prime ideals of R.

In the last section of this chapter , we study the ideal and submodules
structure by consider modules over left Quasi-Artinian ring , we show that if R is
left Quasi-Artinian ring and M be a left R-module , then every finitely generated
left R-module is left Quasi-Artinian (Theorem 2.3.2) . Also , we show that if R is
left Quasi-Artinian ring and M be a left R-module then , (i) Soc(M) is an
essential in M, and (ii) Rad(M) is small in M .(Theorem 2.3.3) . Finally , we give
another characterization of left quasi-Artinian ring and module, Namely the
following : IfR isaring, N =N(R), be the nil radical of R then, R isa left

Quasi-Artinian ring if and only if N is nilpotent and each of the

2 ) ) ..
R : N , N . ... IS left Quasi-Artinian R-modules (Theorem 2.3.5).
N %\,2 43 Q ( )

Finally we remark that tow papers [ 2, 3 ] based on this work have submitted

for publication.



Chapter (1)

BASIC CONCEPTS

In this chapter we collect some well- known results which are needed.

1.1 Definitions and Examples

Definition 1.1.1

Let R bearing, Aand B are ideals ( left or right or two-sided ) of R,

Then,thesum A+B= { a+b |a € A,b B }and the product

AB :{z ab\a cA,b e B} is an ideal (left, right) in R .

finite
Itisclearthat, if Aand B are ideals,then AB <« A N B
However, if Aand B are leftideals,then AB < B .

Definition 1.1.2

(a) Anelementeofaring R is called an idempotent if e?=e
Note that ,
1) If R isaring with identity and is e € R is an idempotent , then (1-e)
also an idempotent .
2) Forany two idempotent e and f in R, we have

Re @ Rf = Re @ R(f-fe)

(b) Anelement a of aring R is called nilpotent element if a" = 0,

forsome n € Z7T.



(c) A non-zero element a of aring R is called zero divisor if
ab = ba = 0, forsomeO =#Dbe R

It is clear that , if R is a ring with identity then , every nilpotent element or
idempotent element not equal 1 is a zero divisor .

Definition 1.1.3

(@) A (left, right, two sided ) ideal | of a ring R issaid to be a nil ideal

if each element of | is nilpotent .
" = (0) (b) A(left,right,two sided)ideal | of aring R is said to be
nilpotent ideal if there exists a positive integer n such that ,

Note that

(1) I"= (0) ifandonlyif for each choice of n elements
&,8,,.,a € | ,aa,..a = 0;inparticular a" =0, for all a in
l.

(2) If R isacommutative ring , then every nilpotent element generates a

nilpotent ideal

Example 1.1.4

(@ Let R :[g ;} = {{g 2} | a, b,c € Z} .Then

10 Z] |10 a o 2
I _{0 0}_{{0 O} | a e Z} is an ideal of R and 1< =(0)

, therefore | is nilpotent .



(2) Every nilpotent ideal is a nil ideal , but the converse need not be true

as the following example shows .

Let p be aprimenumberand R = & Y2/ . i =12, ... be
pbeap 7N
the direct sum of the rings %pi) , then R contains non-zero elements ,

such as, (O +(p),p+(p?), 0+ (pd), .. ).Letlbetheset

of all nilpotent elements. Then | isanideal inR, since R is

commutative . So | is a nil ideal , but I is not nilpotent . For if 1" =0
forsome neZ* ,andn>1 then, the element
X=(0+(p), 0+(p?),..., 0+(p"),P+(P"), 0+(p"*?), ...)is nil-

potent and so it belongsto | . But x" # 0 , a contradiction . So |

IS not nilpotent .

Definition 1.1.5 [15,p11]

The sum of all nil ideal of aring R is called the nil radical of R and is
denoted by N(R) or W(R) .
Note that , N(R) is a nil ideal of R , which contains all nil ideals of R .

Definition 1.1.6

Aring R is said to be semi-prime ring , if it has no non-zero nilpotent (right

, left , two-sided ) ideals .

Examples 1.1.7




Let R=(Z,+, .) And S=(Z[x],+,.) ,thenRand S are semi- is

prime rings , while K= ( Z; , @ , ® ) not semi-prime ring .

Definition 1.1.8

(@) An R-module M is said to be simple if its submodules are (0) and
M itself .

(b) An R-module M is said to be irreducible if M is asimple R-
module and RM = {¥rm\re R, me M| = 0
Itisclearthat,if RM=0 ,thenforeach reRand me M ,

rm =0, so forunital R-module M, RM = (0)if M = (0)

Note that ,if M = RR . Then we have the following definition :

Definition 1.1.9

A (left, right , two-sided ) ideal I of a ring R is said to be minimal
ideal if I = (0) and there exists no ( left, right, two sided ) ideal
J of R suchthat (0)cJcl.
Note that ,
(1) If R isaring with identity , then a minimal left ideal | is an irreducible
left R-module .
(2) Itis clear that if M is an irreducible unital R-module , then for all non-
zero elementxin M , Rx=M.

Theorem 1.1.10 [15]




If R semi-prime ring and | is a minimal left ideal of R . Then I=Re for

some idempotente inR.

Definition 1.1.11

Aring R issaid to be simple ring if R? = (0) and R has no ideals

other than (0) and R itself .

Note that , every commutative simple ring is a field .

Example 1.1.12

(@) Let R=(Z,+,.), thenthere are no minimal ideals in R, therefore
there is no irreducible R-submodulesin R.

(b) Let R = (Z,,® ,®) and | =(2) <« R ,then

I isaminimal ideal in R.

(c) Let R= (25,(95 ,®5) ,then R is asimplering .

Definition 1.1.13

A (left, right , two-sided ) ideal | inthe ring R is said to be
maximal ideal if | = R and there exists no left (right , two-sided) ideal
Jof R suchthat | «cJ < R.

Note that ,

Anideal I # R inaring R ismaximal ifand only if I:\%is simple

ring . Hence if R is a commutative ring with identity , then

I is maximal ideal if and only if R% Is a field .



Definition 1.1.14

(@) Anideal P of aring R issaidto be prime ideal ,if AB < P
where Aand B areideals in R then, A cP v B cP.
(b) Aring R issaid to be a prime ring if the zero ideal isa primideal inR .
Hence if AB=(0), AandB areidealsin R then, A=(0) or B=(0)
Note that ,
(i) If R isacommutative ring ,then P isa prime ideal in R if and

onlyifforall a,b eR ,ab P implies thateither a e P or b eP .

(if) An ideal P is a prime ideal of R if and only if % Isa primering .

Examples 1.1.15

(@ Let R=(Z,+,.) ,and | =<p>,then | isaprime ideal of R and
it is also a maximal ideal of R .

(b) Let R=(Z[x],+,.),and | = (x) ,then I isa prime ideal of R
which is not maximal .

Definition 1.1.16

Let |1 be a non-empty subset of aring R , then

(1) ={x e R| xI =0} isthe left annihilator of I in R .

It is clear that



I(isaleftideal of R. If I ={x},we write | (1) =1(x). We say that the
left ideal A of R isa left annihilator if A=1(l), for some subset | of R,
The right r(1) annihilator can be defined similarlly.

It well-Know that ,

D1 I(r(r)) . ter((n))

2)If 1 <J ,then I(1) 1)

3)A = I(l) ifandonlyif A =1(r(A))

4) If | isaleftideal of Rthen, I (1)isanideal ofR.

5)If land J are any subset of R then,

MI0) +1Q@) I A J)
)1 (1ud)=1(@3)nII).

Note that ,
If R is a commutative ring we write ann(l) instead of I(1)or r(1) and

we usually called it by the annihilator of | in R.

Remark 1.1.17

If R isasemi-primeringand | isanideal of R , then
(@) r(1)=1()
(b) If 1is a left annihilator ideal in R, then
I=1(r(1))=r(lI(1)).Sothat I isalso a right annihilator ideal in R and
we call I an annihilator ideal .

(c) If M isa left R-module, and | isan ideal of R contained in the



annihilator of M . Then the lattices of R-submodules and R% - submodules

coincide .

Example 1.1.18

(@ LetR = (Z; ,® ®) , | = (2) isanideal of R, then
ann(l) = <3> .,
(b) Let R = {2 m - (M,(R), +,.), and

0 0 0 0

R = 1o R =H8:} Ia,beR}.

Definition 1.1.19

| = {RR} = HX y} | X,y € R}isanidealofR,then

Let M be an R-module . A submodule K of M is said to be essential ( or
large or dense ) R-submodule in M if for each nonzero submodule
L of Mwehave KNn L # 0

If M =RR Then , we said | is an essential ( left ,right,two sided) ideal in

R and is denoted by ( lessR )

Example 1.1.20

(@ Let R=(Z,+,.) .Thenevery nonzero ideal of R is essential .

(b) LetR=(Z,,®,® )then,(2)essR,but(3)isnotessential since

(3)n(4)=0 and (4) < R.



Definition 1.1.21

Let M bean R-module. A submodule K of M issaid to be small
R-submodule in M if for each nonzero submodule L of M
K+L=M impliess L=M
If M=R then, wesaid K isasmall (left, right, two-sided ) ideal in R.

Example 1.1.22

(a) Let R = (Z,, &,®).Then (6) isasmallidealin R, but(2), (3)

and<4>arenotsmal|idealsin R since <2>+<3>: R:<4>+<3>

(b)LetR:KZZZj:H {8‘ H |a,b,ceZ }+J

Then 1=| 2 2| =[]0 X |x € Z, { isasmallidealin R, but
0 O 0 0

9o Jo o Z,! i Il right ideal in R, si
J = 0 2, = {O XMXE , ¢ isnot small rightideal in R, since

J+N=R, where N—22 Z|_l]a b ‘a beZ,'isaright ideal
! “lo o] |0 O e |

inR.

Definition 1.1.23

LetRbearingand M isaleft R-module . Then ,the socle of M is

(a) SocI(M):z{ K <M |K issimple lef R-submodulein M}

(b) Socr(M)zz{ K <M |K issimpleright R -submodulein M }



(c) Soc (M) =X {K <M | K is minimal (simple)in M |
-N{L<M | Lisessential in M }

Note that , [4, p119]

Soc(M) of M is the largest submodule of M that is contained in every

essential submodule of M . In general , Soc(M) need not be essential in M

For example:

M = ZZ then , Soc(ZZ) =0 , whichis not essential in Z

Theorem 1.1.24 [4,p121]

Let M be a left R-module , then

Soc(M) =M ifand only if M is semi-simple .

Remark 1.1.25

(@) SocI (M) = Socr (M) As the following example shows,

Let R :(Hg ﬂ\ abcecF, Fisafield},+, .j,then

0 x

0 y} | X,y eF} while,

Socr(RR) = {

[ X
So, (gR) = {_o H X,y e F}
However , if R be a semi-prime ring then, Soc, (R) = SocI (R)

(b) If M beleftR-moduleand K <M ,then  Soc(K) =K nSoc(M)

(c) Soc(M) ess M if and only if Soc(K)= 0 for evry nonzero submodule

Kof M.



(d) If there are no minimal submodules in M we put Soc(M)=0

Dual to the socle we define :

Definition 1.1.26

If M isaleft R-module . Then ,the radical of M is defined as

Rad (M) =N{K| K is maximal submodulein M |
=y {L\ L is small submodule in M }

Note that, If M has no maximal submodules we put Rad(M)=M . In general
Rad(M) need not be small in M .

Theorem 1.1.27 [5]

Let N be a small submodule of an R-module M . Then M is finitely

generated if and only if M/, is finitely generated .

Example 1.1.28

(@) LetM = ZQ then , Rad(ZQ) = Q and Soc(ZQ) =0, since M

has no maximal and no minimal Z-submodules .

(b) Let M = ZZ then , Rad(ZZ) = Soc(ZZ) =0, since M has

no small and no minimal submodules . On the other hand ,

Rad(QQ) = 0 and Soc(QQ) =Q.



Definition 1.1.29

The intersection of all prime ideals of aring R is called the prime radical
of Randitis denotedby rad (R) .
Note that ,
(@ rad(R)=(0) ifandonlyif R issemi-prime ring
(b) If R isacommutative ring then,

rad( | ):{r | r"el forsome neN }and is usually denoted by /T

Example 1.1.30

(@) Let R=(Z,+,.), 1=(12) , then rad(R) =(0)and rad(l)=(6)

(b) Let R=(Z[x],+,.) ,then rad (R)=(0).

(c) Let R = [5 ;}z (Hg g | a,b,CEZ},+,.J,then

(3 23 2w ee))

Definition 1.1.31

(@) If M isaleft R-modulethen, A(M) = {xe R\ xM = 0}
is an annihilator of M in R.
It is clear that , A(M) is an ideal of R
(b) Let R be aring then , the Jacobson radical of R is the set :

JR) = n { A(T) | T isan (simple)irreducible submodule }



If R has no irreducible submodules we put J(R)=R. Since A(M) is two-sided
ideal of R, it follows that J(R) is an ideal of R .

If M=gR ,then RadRR:J(R) :

“R
Note that ,
(@) If R isa ring with identity then,

JR) = » {M\ M ismaximal leftideal of R |.
(b) rad(R) < N(R) < J(R).

(c) If a € R suchthat RaR < J(R) then, a e J(R).

Definition 1.1.32 [6, p 157 ]

The ring R is said to be semi-simple ring if J(R) = (0).

Example 1.1.33

(@ Let R=(Z[x],+ ,.) ,then | =<p, x> isamaximal ideal of R

for every prime number p . Therefore, JR) = n< p,X > =< X >

(b) LetR:“? S} :(Hg H | a,b,c e R},+ ,.},then

J(R):mg t(’)p a,beR},+,.]m
[ meer o



([ 8] e

(c) LetR =(Z; ,® Q) ,then J(R)=(2) n(3)n(5)=0.Hence R is
semi-simple .

Remark 1.1.34 [4,p171]

For a ring R with identity the following statements are equivalent :
(1) %(R) is semisimple .

(2) Forevery left R-module M ,. Soc(M) = rM(J(R))

1.2 Artinian Modules and Rings :

Definition 1.2.1

An R-module M is called Artinian if its submodules satisfy the descending

chain condition (d.c.c) i.e, every descending chain N1 ) Nzg ) Nn D..

of submodules of M becomes stationary after finitely many steps , that is

there exists me Z™ , such that, N =N forall k>m.

Aring R is called left ( right ) Artinian if R regarded as left ( right )
R-module is an Artinian .If R is a commutative then , the concept of left

Artinian and right Artinian are coincide .

Example 1.2.2

(@) Anysimplering R is Artinian .



(b) Every finite ring is Artinian .

(c)LetR=(Z,+,.)then, R is not Artinian since forall n e Zt, we

have an infinite descending chain (2 ) o <22> o.. D <2”> o.. of

ideals of R .

(d) Let R = {OQ E}:[Hg H |aeQ ,b,c eR} ,+,.],then

R is not left Artinian because if

Q(tl,tz,...) = {a+ > biti | a,bi eQ te R} , then
i=1

Q(ﬁ,ﬁ,...,f,...)SR,and

g Q(ﬁﬁofﬂ isaleftidealof R . Also,

0 Q(v3.,5,.yp.)
0 0

have[g Q(ﬁ,@,---,ﬁ,---)}g{o Q(\/ﬁ,\/g,...,\/ﬁ,._.)}

0 0 0

} is a left ideal of R, and as left ideals we

Continuing this process , we get an infinite descending chain of left ideals

{o Q(ﬁ,ﬁ,...,\/’,...)}g {o Q(ﬁ,ﬁ,...,\/ﬁ,...)}g

0 0 0 0

{o Q(VB AT, P )

0 0 }; ... Which gives that the matrix ring R

is not left Artinian .



Definition 1.2.3

A class of rings X% is said to be :
(@ S-closed,if Re X ,and S < R ,then S € X

(b) I-closed ,if R € Xand J « R ,thenJ € X.

(c) Q-closed ,if R e X and | <« R, then R% e %
(d) E-closed ,if | and F% € X% ,then R e %

Example 1.2.4

Let X be the class of all left Artinian rings, then

(@ If R e X and | < R then, | ¢ X as the following example show :

Let R = Hf g} [Hg H lab <R ,ceQ} +J and

0 R 0 a . .
I_{O O}_(HO O}|aeR},+,}then,l|san|dealofR

and itiswellknownthat, R € X ,butl ¢ X.

(b) If Re X and S < R then, S neednotbein X forexample,

QeXx and Z < Q but ZgX.

Finally , we collect the following well-known results which we shall need .

Theorem 1.2.5

Let R isa left Artinian ring , then



() Any nil (right, left , two-sided ) ideal of R is nilpotent .
(b) J(R) = rad(R) = N(R) .
(c) If R is a commutative ring with identity then, every proper prime

ideal of R is maximal .

Theorem 1.2.6  (Brauer's Theorem) [6, p262 ]

If R is left Artinian ring, then every nonzero non-nilpotent left ideal of R

contains a non-zero idempotent element .

Theorem 1.2.7  (Weederburn-Artin Theorem ) [6 , p266 ]

If R be asemi-simple left (right ) Artinian ring then, R is the finite direct

sum of its minimal ideals each of which is a simple left Artinian ring.

Theorem 1.2.8 [6,p 266 ]

If R isasemi-simple left Artinian ring viewed as rings , then
(a) Each ideal of R is itself a semi-prime left Artinian ring .
(b) Any minimal ideal of R isasimple ring .
(c) R has an identity element .
(d) Any nonzero left ideal | of R is generated by an idempotent element that is
, | = Re for some idempotentein R.

Note that , If R is semi-prime Artinian , then R is semi-simple Artinian .



Theorem 1.2.9 [13]

Let B< A and C c A be unitary subring of a ring A , and note that

we can view A as a right B-module , or as a left C-module . Let

R = Hb 0} | aeA,beB,CeC}gMZ(A) and let
ac

| = Hg 8} \ aeA}gR ,then | is Artinian as left R-module

if and only if CA Is Artinian.



Chapter (11)

Left Quasi-Artinian Rings and Modules

This chapter consists of three sections, in the first we give definitions
,examples and basic properties of the left Quasi-Artinian rings and modules
while in the last two sections we study the internal structures of ideals and
submodules and we give some classification of such class of rings and

modules .

2.1 : Definitions and Basic properties

In this part we define the left Quasi-Artinian rings and modules , which is a
generalization of Artinian rings and modules , it is also generalization of
nilpotent rings , and then we consider the problem of finding conditions which
are equivalent to the definition. Then , we prove that if RM is a left Artinian
,then M is left Quasi-Artinian, then we show that the class of left Quasi-Artinian
modules is S-closed , Q-closed and E-closed while the class of left Quasi-
Acrtinian rings is neither S-closed nor E-closed , but it is I-closed and Q-closed .
Finally , we show also that a finite direct sum of left Quasi-Artinian rings is a

left Quasi-Artinian .

Definition 2.1.1

Let R bearingandlet M be a left R-module.

We say that M is a left quasi-Artinian if for every descending

chain N; o N, o ... of R-submodules there exists me Z* such that



R™"N < N Vn.
m n
If RR is left quasi-Artinian , we say that R is left quasi-Artinian ring.

Examples 2.1.2

(a) Left Artinian rings or modules are left Quasi-Artinian.

(b) Nilpotent rings are left Quasi-Artinian . Hence

10 Q (00 o :
R = {O O} and S = {Q 0} are left Quasi-Artinian rings , since

R2 = 0 and S2 = 0, but neither R nor S is left Artinian since , for

+ 0 m2k - :
each keZ™ , I = 0 0o | m e Z } isaleftideal of R and

I > l,., Thuse, there exists an infinite properly descending chain of left

ideals of R, namely, I, - I, - ....Similarly, Sisnot Artinian, since
z " F

0 0
Jy :{ { ok 0} |me Z }form an infinite descending chain of left.
m

ideals of S .

(c) If Mis aleft R-module and R is a nilpotent ring , then M is left Quasi-

Artinian R-module .

(d) LetR:[g H :(HZ gpa,beQ}, + ]  then



R is a non-nilpotent ring which is left Quasi-Artinian ring , since for each R are

k e ZT the left ideals of of the form

0 0 0 O
— r
{Q o}’JK KO lreZz{, +,.|and
p
0 O
I _(Hrp" O]|rez}, + ] , for any prime number p,

therefore the descending chains left ideals in Rare 1, S 1, - ...
z " F

Then , take m=1 we have RI1=0gInforaIIn.Hence R™, <l

for all n and R is left Quasi-Artinian , but it is not a left

. ) i 0 O
Artinian ring , for in particular I, = g | re Z } then, I,
r

is a left ideal of R for each k eZ* and I, 5 I, - ... isan infinite
= " F

descending chain of left ideals of R .
Next , we prove the following :

Lemma 2.1.3

(@) Let Rbearingand M isaleft R-module. If RM =0 then,
M is a left Quasi-Artinian.

(b) Any left Quasi-Artinian ring with identity is left Artinian .
proof :

(a) Since for every descending chain N, > N, o ... of R-sub-



modules of M there existsan m=1 e Z* such that, RN, c RM = 0.
Therefore, RN; < N, ,forall n . Hence M is left Quasi-Artinian

(b) Let I1 D I2 O ... be adescending chain of left ideals of R,

since, R is left Quasi-Artinian then , there exists m € Z* such that,

lem c mln c In , for all n .But R has an identity element , hence

R™ =1 < | foralln,but | < I Vvn>m.Therefore Iy, = Ip,
m m n n m

Y n > m and R is left Artinian .

Example 2.1.4

(@ R=(Z,+,.)isnot left Quasi-Artinian .
(b) The statement of the Hilbert Basis Theorem [6] is no longer true in left
Quasi-Artinian ring , for example :

If R is left Quasi-Artinian ring then , the polynomial ring R[x] need not be
left Quasi-Artinian ring for example if R =F ( Fisany field) such that char F
= 0then, F is left Quasi-Artinian ( since F is Artinian) but, F[x] over any
field F is not left Quasi-Artinian ring , by Lemma 2.1.3 since F[x] has an
identity element .

(c) If M=F[x] isany F-module , then M is not left Quasi-Artinian F-

module since M is not left Artinian F-module .

(d) {Qo E}:{Hg H|aeQ,b,c6R},+,.J is a ring



with identity which is not left Quasi-Artinian , since it is not left Artinian see

example 1.2.2(d)

00

Z 0
(e) LetR :{Q Q}andM:{Qo

]then M is a left R-module .By
Theorem 1.2.9 , M is an Artinian left R-module if and only if QQ IS

Artinian . But QQ is Artinian , hence M is Artinian left R-module and

therefore M is left Quasi-Artinian R-module .

() Let R = {2 g}and M = {g 8},thenMis a left R-module

by Theorem1.2.9 M is Artinian left R-module if and only ifQ R is Artinian

bthR is not Artinian as Q (\/p ,3/p .4/p. ..)2Q&/P.4p...) 2 ...

Is an infinite descending chain of left R-submodules of M , therefore M is not
Artinian as left R-module and since R has an identity, then M is not left Quasi-
Artinian R-module .

(g) Let M=(Q,+,.) be aZ-module . Then Q is not Quasi-Artinian Z-

module since Q is not Artinian Z-module .

Now , we consider the problem of finding conditions which are

equivalent to a Definition 2.1.1 . In particular we prove the following :



Theorem 2.1.5

Let M be aleft R-module .Then the following conditions are equivalent :

(@) In every non-empty collection ¢ of left R-submodules of M,
such that if k e ¢ implies Rk € ¢ there exists a minimal element .

(b) For every descending chain of left R-submodules N, > N, o ...
there exists m e Z* such thata descending chain R™N, o RMN, o ..

terminates .

(c) M is left Quasi-Artinian .

(d) For every non-empty collection ¢ of left R-submodules of M,
there exists N € ¢ and m € Z* suchthat , R™"N < K ,for any
Ke¢ , KcN.
Proof :

(@)= (b) Suppose that N, >N, o...o N, ... is adescending chain of

left R-submodules of M , but the descending chain
R™, o2 R™N, ..o R™N, o... of left R-submodules of M does not
terminate for all me Z* . Therefore, the collection
¢={N,N,,..., RNl, RNz""’ R™N;,R™N,,...} is nonempty collection of R-
submodules and for N € ¢ ,wehave RN e ¢ . Therefore, it has minimal

element, which is a contradiction .



(b)=(c) Let N;oN,>..oN,>.. be any descending chain of

left R-submodules of M then there exists meZ™ such that

R™N, >R™N, 2..oR™N, o... form a descending chain of left R-
submodules of M and by (b) there exists s € Z* such that R™Ng =R™N,, for
all n>s, but R™"Ng; < N,, forall n>s. Take t=max {m,s} then
RIN, = N, forall n,hence M is a left Quasi-Artinian .

(c)=(d) Let ¢ be a non-empty collection of left R-submodules of M
such that foreach N eg and meZ" , there exists K e¢ such that
KcN ,but R™N ¢ K . Now Let N, € ¢ then there exists N, € ¢ such that
RN, ¢ N, ,where N, o N,, but N, e ¢ hence there exists N;e¢ , such that
R®N, £ N, , where N, >N, > N, continuing in this manner we can
construct an infinite descending chain N, >N, >..oN,>... of left R-
submodules of M such that R™Np«N_ ., m=12,..., hence
R™N,, ¢ N,, forsome n, which is a contradiction .

(d) = (a) Let ¢ be a non-empty collection of left R-submodules of M
suchthat RK e¢ for all Ke¢ . Then R"K e¢ ,forall meZ™. But
R"K < K forall meZ*, hence by (d) , there exists an seZ™ such that
RSK < R™K forall me Z* . Therefore if m>s , then R°’K =R™K , and ¢

has a minimal element.



Now, we regard R as left R-module , then we have the following which is

classify the class of left Quasi-Artinian ring .

Corollary 2.1.6

Let R be aring then, the following conditions are equivalent :

(a) In each non-empty collection ¢ of left ideals of R suchthatif Je ¢
then, RJ e¢ there exists a minimal element .

(b) For every descending chain of leftideals I, o I, o ... there exists
me Z* such that, the descending chain R™l, > R™, > ... is terminate .
(c) R is left Quasi-Artinian .

(d) For every non-empty collection ¢ of left ideals of R , there exists

| e cand m € Z* suchthat , Rl < J ,forany J e¢c,J c I.
Proof :

Take, M = SR the left regular R-module in 2.1.5

R

Next , we prove the following .

Theorem 2.1.7

Let M be aleft R-module . If RM is left Artinian , then M is left Quasi-

Artinian .
Proof :

Let N, © N, o ...be adescending chain of left R-submodules of M,



then RN, o RN, o...isadescendingchainof R-submodules of RM .
But RM is left Artinian , hence there exists s € Z*1 such that,RNg = RN,
forall n > s. Therefore, RSNSgRNS c N, , foralln.HenceM is

left Quasi-Artinian .

Remark 2.1.8

(@) If Risaring with identity , then RM=M and M is a left Artinian and so it
is left Quasi-Artinian .
(b) The converse of Theorem 2.1.7 needs not to be true as the following

example shows :

: Q0 100
Let which M {Q 0 } and R {Q O} then , by example 2.1.2 (c)

00

M is left Quasi-Artinian R-module . But RM :{Q 0

}zR , 1S not

left Artinian by example 2.1.2 (b) .Hence RM is not Artinian .

Now, let X be the class of all left Quasi-Artinian rings and 71T be the
class of all left Quasi-Artinian modules .

Next , we prove the following .



Theorem?2.1.9

gIT is S-closed

Proof :

If Aisa left submodule of N and N is a left sub-module of M, then A'is
a left submodule of M hence, if M is a left Quasi-Artinian , and N is an R-

submodule of M, then N is a left Quasi-Artinian .Hence 717" is S-closed

Theorem 2.1.10

(@) JIT is Q-closed .

(b) % is Q-closed .
Proof :

(a) Let M be a left Quasi-Artinian R-module and N is submodule of
M.Suppose z: M — Mg = M is the natural homorphism of

of left Quasi-Artinian module onto M . Then ng Nz >...isadescending

chain of submodules of M , and N, o N, > ... isadescending chain of
R-submodules of M, where N, = 7 ( l\_lI ), but M is left Quasi-Artinian ,
then there exists m e Z* such that R™N,, < N, , foralln, by the

fact that, 7z isan onto mapping we have,

7 (N, ):NK . Hence ,Rmﬁm c Nn for all n, therefore M s left

Quasi-Artinian .



(b) X% is Q-closed can be proved by taking M = RR in (a)

A partial converse of theorem 2.1.10 is stated belw .

Theorem 2.1.11

gIr' is E-closed .

Proof:
Suppose that N be an R-submodule of Mand N, M/ g .

Let N, o N, o... beadescending chain of left R-submodules of M .
Then, N;,AN > N,N o...is a descending chain of R-submodules of

N.But N is left Quasi-Artinian , hence there exists seZ* such that,

N°*(Ng " N) < N, n N ,foralln. Now

N, + % 5 N, + % > ... isadescending chain of submodules

of N%\l and N%\I is left Quasi-Artinian therefore , there exists ke Z*

such that R¥ ( Ny + % yc Nn+ I\%\I , forall n.Thatis,

R"(Nk + N) < N, + N, foralln . Now let m=max {s,k}. Then
R™(Np, "N)c N, n N and R" (N, + N) < N, + N ,foralln.

Now , R™N,, = R™[Ny, n (N, + N)]

[N » (N, + N) | and by modular law,

-
= N, + (N, nN) , foralln

Therefore



R™(R™N,, )< R™[N, +(N " N)]=R™N, + R"(N,, n N)
< N, + (N, N) =N, ,foralln
Hence R®™N,. < R®'N,, < N, , foralln . Therefore M is left

Quasi-Artinian .

O
As an immediate consequence of Theorem 2.1.10 & 2.1.11 , we have the

following,

Corollary 2.1.12

A finite direct sum of a left Quasi-Artinian modules is left Quais-Artinian

Remark 2.1.13

@ If R% Is left Quasi - Artinian for any nonzeroideal | of R
then , R need not to be left Quasi-Artinian as the following example shows :
Let R=(Z,+,.),thenevery nonzero ideal of R is of the form
| =nZ and RA;Zne%,whereneZJ“,butRez_f%.
(b) X need not be S-closed as the following example shows :

LetS=(Z,+,.)and R=(Q,+,.),then Sis asubring of R and

ReX ,butS ¢X



Theorem 2.1.14

X is I-closed .
Proof:
Let R be aleft Quasi-Artinian ring and | is a left ideal of R, and let

J1 -) J2 S5..D Jn O ... be any descending chain of left ideals of I, then

IJ1 - IJ2 5.0 IJn O... iIsadescending chain of left ideals of R.But R is

left Quasi-Artinian , so there exists meZ'such that Rm(IJm)g IJn an

foralln.But I < R™ then ,
I™(13 )=1"™1) <13 _<J , forall n.Therefore 1™J <J , forall
m m n n m+1 n

n. Hence | is left Quasi-Artinian .

Remark 2.1.15

X isnot E-closed, as the following example shows ,

o3 ([ 2] nea o]

0 R 0 a i i
Then,l_{0 0}_[“0 0} | aeR},+,.]|san|dealofR

and 12 =0. Therefore | is nilpotent hence , | is left Quasi-Artinian . But

RA ~ {g g} ~Q @® R and Q, R are left Quasi-Artinian rings

hence, Ri = Q®R isaleft Artinian Therefore, R/ is left Quasi-



Artinian , but R is not left Quasi-Artinian by Corollary 2.1.4 (d) .
However , we have the following :

Theorem 2.1.16

A finite direct sum of left Quasi-Artinian rings is a left Quasi-Artinian.
Proof:
By induction, itisenough to prove the result for t=2. So, let

R=R @R, where R;,R, are left Quasi-Artinian . Now suppose that

I,21,2..21,2... be adescending chain of left ideals of R, then

RI, o RI

L 2RL2 .2 Rlln D ... isadescending chain of left ideals of R, and

R, 2RI

Ji2RIL, o2 R2In O ... isadescending chain of left ideals of R, , but

R, and R, are left Quasi-Artinian rings , then there exists

r,ssuchthat R (Rl,) € Rlp < lyand RER 1) <RI <1 .

Hence if m = max{r,s}, then le(Rllm) c Rl, < In , foralln and

RM(R In) < Ry <1, foralln,

(Notethat :R™=(R ®R)™ , Since R R,=0 , it follows that R R,=0

and R R =0 .Therefore (R & R2)m :le@aR;“ . Thuse

R™I, = R"(Rln) + RM(Rlpn ) < 1, ,foralln.And

Rm+1|
m

1 S Rm”lm c |1, ,foralln .Hence R is left Quasi-Artinian .



Remark 2.1.18

The converse of Theorem 2.1.16 also hold for if R = R,®R, and R is left

Quasi-Artinian , then R1 ~ R1®{0}<1 R and R, = {0}® R, <R, therefore by

Theorem 2.1.13 R1 and R2 are left Quasi-Artinian .

Next we prove the following which gives a partial converse of Theorem

2.1.10 .

Corollary 2.1.19

n
If 1.1, are ideals of R suchthat (11;=0 and R/I; is left Quasi-
1 i1 i i

Artinian for all i, then R is left Quasi-Artinian .

Proof :
n n
Since R _ﬂlli =R/, ®...®R/l, and _ﬂlli =0 , then
1= 1=
R=R/1;®..@R/Ij but R/I; is left Quasi-Artinian for all i=1, ..., n Hence

by Theorem 2.1.16 we have R is left Quasi-Artinian .

2.2 .The ideals structure and some classification

We start with the following which generalize Brauer Theorem concerning

Artinian rings and idempotent elements .



Theorem 2.2.1

Let | be anon-zero non-nilpotent left ideal in a left Quasi-Artinian ring ,

then | contains a non-zero idempotent element .

To prove this we need the following Lemma which by itself has some

independent interest .

Lemma 2.2.2

Let R be left Quasi-Artinian ring . Then every non-nilpotent left ideal

of R contains a minimal non-nilpotent left ideal .
Proof :

Let | be anon-nilpotent left ideal of R and suppose that | does not

contains a minimal non-nilpotent left ideal of R . Assume that I, =1, then

0= |12 c RI1 C I1 and RI, is not nilpotent, since I, is not nilpotent , therefore
there exists a non-nilpotent left ideal '2% RI, I . Hence 0= Ig’ - R2I2
and RZI2 IS not nilpotent . In this way we can find a non-nilpotent left
ideal 1, < R™ , <1, .Hence

I=1,21,2..21,>... isadescending chain of left ideals of R which is a

contradiction the fact that R is left Quasi-Artinian . Therefore | contains a

minimal non-nilpotent left ideal of R .



Proof of theorem 2.2.1:

Let | be nonzero non-nilpotent left ideal of R . Since R is left Quasi-

Artinian, then by Lemma 2.2.2 , | contains a minimal non-nilpotent left

ideal say, K. Since K20 ,then there exists 0= Xxe K such that Kx=0.
However Kxc K and Kx isaleft ideal of R, hence by minimilty of

K we have Kx =K . Therefore there exists ee K such that ex=x and since
e’x=ex we get that (e?—e)x=0 . Now, let K,={aeK|ax=0},
therefore K, is a left ideal of R and KO%K since , Kx=0, for some

x € K .Therefore we must have K, =0 and (e?-e)eK,. Hence e’=e,.

Since ex=x%0 we havethat e=0 . But K%I,hence eel.

Now , by proving theorem 2.2.1 we have actually obtained a criterion

charactraization of a left ideal to be nilpotent for left Quasi-Artinian ring .

Corollary 2.2.3

If Risa left Quasi-Artinian, then every non-zero nil left ideal of R is

nilpotent



Proof :

Let N be a nonzero nil left ideal of R and suppose that N is not
nilpotent . Then by Theorem 2.2.1 there exists a nonzero idempotent element e
and eeN . Therefore e is nilpotent which is a contradiction . Hence N must

be nilpotent .

Theorem 2.2.4

Let R be left Quasi-Artinian ring , then

If | beanilleftideal of R, then I(l) essR
Proof :
Since | is nil , therefore by Corollary 2.2.3 | is nilpotent . Let K be a
nonzero left ideal in R, then there exists n>1 such that KI"* = 0,

KI" =0 .Thuse KI"* < K nI(l) andso, K~ I(1) = 0 .

Corollary 2.2.5

Let R be left Quasi-Artinian, then I(J(R)) ess R .

We now study semi-prime left Quasi-Artinian rings . The next
Theorem shows that the condition that the left ideal to be minimal in
Theorem 1.1.10 is not essential for the conclusion . In fact every left ideal is

principel , with an idempotent generator .



Theorem 2.2.6

Let R be asemi-prime left Quasi-Artinian ring and | be a nonzero

left ideal of R, then | =Re, for some nonzero idempotent e in R .
Proof :

Since | is not nilpotent , it follows from Theorem 2.2.1 ,that | contains

a nonzero idempotent element say , e . Let I(e) ={x e | | xe =0} then the set of
left ideals L={l(e)|0=e?>=ec 1} is not empty . Now , if I(e)eL, then
RI(e)c |, since | isaleftideal of R, then reel,where reR, eel, therefore

0=re?=reel, but R left Quasi-Artinian , hence by Corollary 2.1.6 , L has a
minimal element 1(g,) , say . Either I(g,)=#0or I(e,)=0. If I(g,) =0, then
I(e,) must have an idempotent e , say . By definition of I(g,), e, el and
e, =0. Considere, =e, +e, —e,e;, then e, el and is itself a non-zero
idempotent element . Moreover , ee, =¢ (e, +€ —e,6,)=¢€ #0 , hence
e,#0 . Now if  xel(e), then xe,=0 and x(e,+e —epe)=0.
Therefore x(eo+el—e0e1)e0 =0 and Xe, =0. Therefore xel(g,) and
I(e,) c1(e,) , since e l(e,) and e ¢I(e,) we have that I(e,)=I(g,),
which contradicts the minimality of I(g,). Therefore I(g;)= 0 . But
(x—xe,)e, =0 forall xel, hence (x—xe))el(e,)=0 and X=X, for

all xel , which implies that I :Ie0 cRe, | . Hence | =Re,.



The next result which is a corollary to Theorem 2.2.6 is worthy of
emphasis .

Corollary 2.2.7

Any semi-prime left Quasi-Artinian ring is a semi-simple left
Acrtinian .
Proof :

By Theorem 2.2.6 every non-zero left ideal of R is generated by a
non-zero idempotent say , e . But we know that e acts as right identity for the
left ideal |1 =Re, and since R is itself an ideal , hence R has an identity element
.Therefore R is left Artinian . Now , by Corollary 2.2.3 J(R) is nilpotent , and
since R is a semi-prime ring , implies that J(R) = 0. Hence R is a semi-simple.

O

Next we describe left Quasi-Artinian rings using the non-commutative

version of Wedderburns' fundamental Theorem

Theorem 2.2.8

A ring R is left Quasi-Artinian if and only if R is a direct sum of

left Artinian ring with identity and a nilpotent ring .

To prove this we need the following result .



Lemma 2.2.9

Let R be left Quasi-Artinian ring and N be the nil radical of R, then
R/N is a semi-simple left Artinian ring .
Proof :

Since N isnilpotentand R/N is left Quasi-Artinian , it follows that
R/N is a semi-prime left Quasi-Artinian . Therefore , by Corollary 2.2.7,
R/N is asemi-simple Artinian ring .

Proof of theorem 2.2.8:

Suppose that R is a direct sum of a left Artinian ring with identity and a
nilpotent ring , since any left Artinian ring and any nilpotent ring is left Quasi-
Artinian , it follows by Theorem 2.1.16 that R is a left Quasi Artinian ring .

To prove the converse . Let N = N(R) be the nil radical of R. Then by
Corollary 2.2.3, N isnilpotentand by Lemma 2.2.9 R/N isasemi-simple
Artinian ring . Therefore by Wedderburns' Theorem R/N is a finite direct
sum of its minimal ideals , each of which is a simple left Artinian ring , that is
RIN=N,®N,®..®N, , where N; =(&) isaminimal ideal of R/N which

is a simple left Artinian ring . But a finite direct sum of left Artinian is again

n __ —
left Artinian, hence g N; isleft Artinian ring . But N; isa semi-simple
i=1

n __
left Artinian therefore , it has an identity element. Therefore g N, is left
i=1



Artinian ring with identity . Hence R is a direct sum of left Artinian ring with

identity and nilpotent ring .

Theorem 2.2.10

If R is asemi-prime left quasi-Artinian and | =Re =¢€R isanideal of R, e
an idempotent element, then any left (right, two-sided ) ideal of | is also a left
(right, two-sided ) of R.

Proof :

Suppose that J is an arbitrary left ideal of | , consideredasaring. can

Since J ceR ,eachelement a € J be written in the form a = er with
r e R ;butthen a=-er =e(er) =ea € eJ leading to the equality J = eJ .
Knowing this, RJ =R(eJ) = (Re)J = 1J < J .Therefore J isa left ideal

of R.

The last Theorem it is important its significance is explained in the

following Corollary .

Corollary 2.2.11

Let R be a semi-prime left Quasi-Artinin ring . Then
(@) Eachideal of R is itself a semi-prime left Quasi-Artinian ring .

(b) Any minimal ideal of R isasimple ring .



Next , we prove the following which characterizes the prime radical in a

left Quasi-Artinian rings .

Theorem 2.2.12

Let R be left Quasi-Artinian ring and | be a minimal ideal in R . Then

I(1) is a maximal ideal .

To prove this we need the following

Lemma 2.2.13

If R be left Quasi-Artinian ring , then every prime ideal of R is maximal

Proof :

Let P beaprimeideal of R,then R/P isaprimering.Now R/P isa
semi-prime left Quasi-Artinian ring . Therefore by Corollary 2.2.7 R/P isa
semi-simple left Artinian . Hence by Wedderburn's Theorem R/P is a finite

direct sum of minimal ideals , each of which is a simple left Artinian ring . But a

prime ring cannot be written as a direct sum of non-trivial ideals, hence R/P

is a simple ring . Therefore P is maximal ideal .

Proof of theorem 2.2.12

By Lemma 2.2.13 , it is enough to show that I(l) is a prime ideal in



R.Let X,y eR suchthat x,yeI(l). Then xI #0 and yl #0 ,but xI | and
yl — I andsince | isaminimalideal of R, hence xl=1 and yl=1.
Therefore 0=xyel and xyl #0. Hence xy¢I(l), and I(l) isa prime ideal

of R .

Corollary 2.2.14

Let R left Quasi-Artinian ring . Then

J(R) = rad(R) = N(R).

Theorem 2.2.15

If R be left Quasi-Artinian ring , then there exists only a finite number of

distinct proper prime ideals of R .

Proof:
Suppose that , there exists an infinite sequence { P, } of distinct

proper prime ideals of R. Then F’1 D F’lP2 D> .. D F’l...Pn D ..

Is a descending of ideals of R . Since R is left Quasi-Artinian , then there

exists meZ™ such that the descending chain

RmF’l ) RmP1P2 -) ...:>RmP1... Pn O... iIsterminate . That is,

R"PP ...P. = R"PP ... PP , it follows from this that ,
12 n 12 nn+l



R™ ..P c P ,then (P ..P )2 cR"P..P c P . Butsince
1 n n+1 1 n 1 n n+1

P _isprimethen P ... P < P therefore P < P ,forsomek <n

n+1 1 n n+1 k n+1

and by Lemma 2.2.13 Pk Is maximal ideal of R so that we have

pk = Pn+1 . Contrary to the fact that the PI are distinct ..

2.3 The submodules structure and some classiffication

we start with following :

Theorem 2.3.1

If M=N+B ,where N and B are left Quasi-Artinian , then

M is left Quasi-Artinian .

Proof :
Since M = N+B , we have N%\I = N+% ~ %mB which

is homomorphic image of left Quasi-Artinian R-submodule. .Therefore

M/ and N are left Quasi-Artinian . Hence by Theorem 2.1.11 M is left

left Quasi-Artinian .



Theorem 2.3.2

If R left Quasi-Artinian ring , and M is a finitely generated left R-module ,

then M left Quasi-Artinian .
Proof

Let M be a finitely generated left R-module , then
M:Rx1+Rx2+... + RX, ,WhereO;txieM,lsign Af n=1
then , M is cyclic and therefore isomorphic to
R where L = laeR|ax =0} .Since 4R is left Quasi-Artinian so,
Is every factor module . Assume inductively that the Theorem holds for

modules which can be generated by n-1 or fewer elements . Then Rx

Rx + RX, + ...+ RX,
1 2
Rx

(RX, + ...+ Rx, )
Rx, M (Rx2 + .t Rxn)

IR

.- - - M
left Quasi-Artinian and Axl

which is left Quasi-Artinian , by induction and Theorem 2.1.11 M is left

Quasi-Artinian.

Theorem 2.3.3

Let R be a left Quasi-Artinian ring and M be a left R-module then,
(@) Soc(M) ess M

(b) Rad (M) smallin M



Proof

(@) LetO= x eM .Then,px: R > px(r) =rx (reR) isa
homomorphism of R onto the submodule Rx with Kernal

Kerpy=ly(x) = {re R|rx = 0}. So %R(X) ~ Rx .ButR isa

left Quasi-Artinian,then by Theorem 2.1.10 Rx is left Quasi-Artinian
We claim that Rx contains a minimal submodule . To prove this let

¢ ={NcRx\ 0% x € M,N < M }be anonempty collection of
R-submdules of Rx.and J ¢ .Then, J = Ry forsome 0=yeM
but RJ = R(Ry) = (RR)y =R?y — Ry =J e¢ , and by
Theorem 2.1.5 we have ¢ hasa minimal element.Thus Soc(Rx) =0

But Soc(Rx) = Rx n Soc(M) = 0 , hence Soc(M)essM .

(b)  First ,we show that Rad(M) = JM, where J = J(R) .Since for
- M _
any left R- module M the factor module Rad ( /Rad(M)) =0. Therefore,
M Is subdirect product of simple left R- modules . But since ,
RadM
- - . - _ - g - M
J(R) is annihilates all simple left R-modules, so it annihilate /?ad(M)

thatis, JM < Rad (M)



Conversely , by Lemma 2.2.9 and Corollary 2.2.7 F% IS semi-simple

then by Remark 1.1.34 we have ,

Soc(M) = "M (J)

Therefore, SOC( MAM ): rM/ (‘]( % )) = rM/ (0) - M/]M
IM JM

Hence by Theorem 1.1.24 M/, issemi-simple R/ - module
Since J cann(simple R-submoduleof M) ,then by Remark

1.1.17 we have M/JM is semi-simple R-module , thuse

Rad (M/,,) = 0 but Rad('\%ad(M)) = 0 . Therefore,
Rad (M) < JM . Hence, Rad (M) =JM.

Now since , R left Quasi-Artinian assume J" = 0 forsome n € Z*
and consider an R-submodule K of M with JM + K = M . Multiplying with J
we obtain ,

J2M + JK = JIM ,then J?M + JK + K = M
Continue in this way we have after n steps, K =J"™M + K = M .
Hence JM small in M therefore by first part , Rad (M) small in M .

Corollary 2.3.4

Let R be left Quasi-Artinian ring and M left R-module , then

M is finitely generated if and only if I\%ad(M) is finitely generated .



Proof :

By Theorem 2.2.3 , since Rad(M) small in M then the prove follows from

Theorem 1.1.27 .

Next , we give another characterization of left quasi-Artinian ring,

Namely the following :

Theorem 2.3.5

Nis Let R bearing, N =N(R) be the nil radical of R then, R isa left

Quasi-Artinian if and only if nilpotent and each of the
% , %2 : N%\I3 , ... 1s left Quasi-Artinian R-modules . .

Proof :

Suppose R is left Quasi-Artinian then, by Corollary 2.2.3 N is
nilpotent . Now , let M =R be a left R- module then, M is left Quasi-

Artinian R-module and N' is an ideal of R foralli. Therefore, N' is

an R-submodule of M for all i , but by Theorem 2.1.10 %i is left

Quasi-Artinian for all i > 1. Also, N' ~isR-submoduleof R/
N|+l N|+1

, So each N%I‘” is left Quasi - Artinian .

To prove the converse , note that



R
Since F%\I =~ AIZ/N/ . it follows from Theorem 2.1.11 that
N2

%2 is left Quasi-Artinian R-module and by induction %i is left

Quasi-Artinian for all i . But N is nilpotent , hence there exists me Z*

suchthat N™ =0, therefore R = % _ s left Quasi-Artinian R-

module . Hence R is left Quasi-Artinian ring .
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